Lecture Notes in Artificial Intelligence 2111

Subseries of Lecture Notes in Computer Science
Edited by J. G. Carbonell and J. Siekmann

Lecture Notes in Computer Science
Edited by G. Goos, J. Hartmanis and J. van Leeuwen



Springer
Berlin
Heidelberg
New York
Barcelona
Hong Kong
London
Milan
Faris
Singapore
Tokyo



David Helmbold Bob Williamson (Eds.)

Computational
Learning Theory

14th Annual Conference
on Computational Learning Theory, COLT 2001

and 5th European Conference
on Computational Learning Theory, EuroCOLT 2001

Amsterdam, The Netherlands, July 16-19, 2001
Proceedings

Springer




Series Editors

Jaime G. Carbonell, Carnegie Mellon University, Pittsburgh, PA, USA
Jorg Siekmann, University of Saarland, Saarbriicken, Germany

Volume Editors

David Helmbold

University of California, Santa Cruz

School of Engineering, Department of Computer Science
Santa Cruz, CA 95064, USA

E-mail: dph@cse.ucsc.edu

Bob Williamson

Australian National University

Research School of Information Sciences and Engineering
Department of Telecommunications Engineering
Canberra 0200, Australia

E-mail: Bob.Williamson @anu.edu.au

Cataloging-in-Publication Data applied for

Die Deutsche Bibliothek - CIP-Einheitsaufnahme

Computational learning theory : proceedings / 14th Annual Conference on
Computational Learning Theory, COLT 2001 and 5th European Conference on
Computational Learning Theory, EuroCOLT 2001, Amsterdam, The Netherlands,
July 16 - 19, 2001. David Helmbold ; Bob Williamson (ed.). - Berlin ;
Heidelberg ; New York ; Barcelona ; Hong Kong ; London ; Milan ; Paris ;
Singapore ; Tokyo : Springer, 2001

(Lecture notes in computer science ; Vol. 2111 : Lecture notes in

artificial intelligence)

ISBN 3-540-42343-5

CR Subject Classification (1998): 1.2.6,1.2.3, F4.1, F.1.1, E2
ISBN 3-540-42343-5 Springer-Verlag Berlin Heidelberg New York

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is
concerned, specifically the rights of translation, reprinting, re-use of illustrations, recitation, broadcasting,
reproduction on microfilms or in any other way, and storage in data banks. Duplication of this publication
or parts thereof is permitted only under the provisions of the German Copyright Law of September 9, 1965,
in its current version, and permission for use must always be obtained from Springer-Verlag. Violations are
liable for prosecution under the German Copyright Law.

Springer-Verlag Berlin Heidelberg New York
a member of BertelsmannSpringer Science+Business Media GmbH

http://www.springer.de

© Springer-Verlag Berlin Heidelberg 2001
Printed in Germany

Typesetting: Camera-ready by author
Printed on acid-free paper SPIN: 10839809 06/3142 543210



Preface

This volume contains papers presented at the joint 14th Annual Conference on
Computational Learning Theory and 5th European Conference on Computatio-
nal Learning Theory, held at the Trippenhuis in Amsterdam, The Netherlands
from July 16 to 19, 2001.

The technical program contained 40 papers selected from 69 submissions. In
addition, David Stork (Ricoh California Research Center) was invited to give an
invited lecture and make a written contribution to the proceedings.

The Mark Fulk Award is presented annually for the best paper co-authored
by a student. This year’s award was won by Olivier Bousquet for the paper
“Tracking a Small Set of Modes by Mixing Past Posteriors” (co-authored with
Manfred K. Warmuth).

We gratefully thank all of the individuals and organizations responsible for
the success of the conference. We are especially grateful to the program com-
mittee: Dana Angluin (Yale), Peter Auer (Univ. of Technology, Graz), Nello
Christianini (Royal Holloway), Claudio Gentile (Universita di Milano), Lisa Hel-
lerstein (Polytechnic Univ.), Jyrki Kivinen (Univ. of Helsinki), Phil Long (Na-
tional Univ. of Singapore), Manfred Opper (Aston Univ.), John Shawe-Taylor
(Royal Holloway), Yoram Singer (Hebrew Univ.), Bob Sloan (Univ. of Illinois
at Chicago), Carl Smith (Univ. of Maryland), Alex Smola (Australian National
Univ.), and Frank Stephan (Univ. of Heidelberg), for their efforts in reviewing
and selecting the papers in this volume.

Special thanks go to our conference co-chairs, Peter Griinwald and Paul
Vitanyi, as well as Marja Hegt. Together they handled the conference publi-
city and all the local arrangements to ensure a successful conference. We would
also like to thank ACM SIGACT for the software used in the program committee
deliberations and Stephen Kwek for maintaining the COLT web site.

Finally, we would like to thank The National Research Institute for Ma-
thematics and Computer Science in the Netherlands (CWI), The Amsterdam
Historical Museum, and The Netherlands Organization for Scientific Research
(NWO) for their sponsorship of the conference.

May 2001 David Helmbold
Bob Williamson

Program Co-chairs
COLT/EuroCOLT 2001
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How Many Queries Are Needed
to Learn One Bit of Information?*

Hans Ulrich Simon?

Fakultéat fiir Mathematik, Ruhr-Universitat Bochum, D-44780 Bochum, Germany
simon@lmi.ruhr-uni-bochum.de

Abstract. In this paper we study the question how many queries are
needed to “halve a given version space”. In other words: how many
queries are needed to extract from the learning environment the one
bit of information that rules out fifty percent of the concepts which are
still candidates for the unknown target concept. We relate this problem
to the classical exact learning problem. For instance, we show that lower
bounds on the number of queries needed to halve a version space also
apply to randomized learners (whereas the classical adversary arguments
do not readily apply). Furthermore, we introduce two new combinato-
rial parameters, the halving dimension and the strong halving dimen-
sion, which determine the halving complexity (modulo a small constant
factor) for two popular models of query learning: learning by a mini-
mum adequate teacher (equivalence queries combined with membership
queries) and learning by counterexamples (equivalence queries alone).
These parameters are finally used to characterize the additional power
provided by membership queries (compared to the power of equivalence
queries alone). All investigations are purely information-theoretic and
ignore computational issues.

1 Introduction

The exact learning model was introduced by Angluin in [I]. In this model, a
learner A tries to identify an unknown target concept C, (of the form C, : X —
{0,1} for a finite set X) by means of queries that must be honestly answered
by an oracle. Although the oracle must not lie, it may select its answers in a
worstcase fashion such as to slow down the learning process as much as possible.
In the (worstcase) analysis of A, we assume that the oracle is indeed an adversary
of A that makes full use of this freedom. (In the sequel, we sometimes say
“adversary” instead of “oracle” for this reason.) Furthermore, A must be able to
identify any target concept selected from a (known) concept class C. Again, A is
subjected to a worstcase analysis, i.e., we count the number of queries needed to
identify the hardest concept from C (that is the concept that forces A to invest
a maximal number of queries).
Among the most popular query types are the following ones:

* This work has been supported in part by the ESPRIT Working Group in Neural and

Computational Learning II, NeuroCOLT2, No. 27150. The author was also supported
by the Deutsche Forschungsgemeinschaft Grant SI 498/4-1.

D. Helmbold and B. Williamson (Eds.): COLT/EuroCOLT 2001, LNAI 2111, pp. 1-{I3} 2001.
© Springer-Verlag Berlin Heidelberg 2001



2 H.U. Simon

Equivalence Queries. A selects a hypothesis H from its hypothesis class H.
(Typically, H = C or H is a superset of C.) If H = C,, the oracle an-
swers “YES” (signifying that A suceeded to identify the target concept).
Otherwise, the oracle returns a counterexample, i.e., an x € X such that
H(z) # Ci(x).

Membership Queries. A selects an z € X and receives label C,(x) from the
oracle.

At each time of the learning process, the so-called version space V contains all
concepts from C that do not contradict to the answers that have been received so
far. Clearly, the learner succeeded to identify C, as soon as V = {C,}. It is well-
known in the learning community that the task of identifying an unknown but
fixed target concept from C is equivalent to the task of playing against another
adversary who need not to commit itself to a target concept in the beginning.
The answers of this adversary are considered as honest as long as they do not
lead to an empty version space. The learner still tries to shrink the version space
to a singleton and thereby to issue as few queries as possible. We will refer to
this task as the “contraction task” (or the “contraction game”). At first glance,
the contraction task seems to give more power to the adversary. However, if we
assume that A is deterministic, both tasks require the same number of queries:
since A is deterministic, one can “predict” which concept C, will form the final
(singleton) version space in the hardest scenario of the contraction task. Now, it
does not hurt the adversary, to commit itself to C, as the target concept in the
beginning.

Since randomized learning complexity will be an issue in this paper, we briefly
illustrate that the initial commitment to a target concept is relevant when we
allow randomized learners:

Ezample 1. Consider the model of learning by means of equivalence queries. Let
the concept and hypothesis class coincide with the set of all functions from X
to {0,1}, where X = {1,...,d}. Clearly, the contraction task forces each deter-
ministic (or randomized) algorithm to issue d equivalence queries because each
(non-redundant) query halves the version space. As for deterministic algorithms,
the same remark is valid for the learning task. However the following randomized
learning algorithm needs in the average only d/2 queries:

Pick a first hypothesis Hy : X — {0,1} uniformly at random. Given that the
current hypothesis is H and that counterexample x € X is received, let the next
hypothesis H' coincide with H on X \ {z} and set H'(z) 21— H(x).

The number of queries needed to identify an arbitrary (but fixed) target concept
C. equals the number of instances on which C, and H, disagree. This is d/2 in
the average.

This example demonstrates that the typical adversary arguments, that are used
in the literature for proving lower bounds on the number of queries, do not
readily apply to randomized learners[]

! To the best of our knowledge, almost all papers devoted to query learning assume
deterministic learning algorithms. A notable exception is the paper [5] of Maass that
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The main issue in this paper is the number of queries needed to halve (as
opposed to contract) an initial version space Vy. There are several reasons for
this kind of research:

— Contraction of the version space by iterated halving is considered as very
efficient. Iterated halving is an important building stone of well known strate-
gies such as the “Majority Vote Strategy”, for instance. The binary search
paradigm is based on halving. Halving may therefore be considered as an
interesting problem in its own right.

— Halving the version space yields exactly one bit of information. In this sense,
we explore the hardness to extract one bit of information from the learning
environment. This sounds like an elementary and natural problem.

— Although the contraction task is not meaningful for randomized learners,
we will be able to show that the halving task is meaningful. This makes
adversary arguments applicable to randomized learning algorithms.

— We can characterize the halving complexity for two popular query types
(equivalence and membership queries) by tight combinatorial bounds (leav-
ing almost no gap)E These bounds can be used to characterize the additional
power provided by membership queries (compared to the power of equiva-
lence queries alone).

The paper is organized as follows. In Section 2] we present the basic defini-
tions and notations. In Section Bl we view the tasks of learning, contraction and
halving as a game between the learner (contraction algorithm, halving algorithm,
respectively) and an adversary. In Section[d], we investigate the relation between
halving and learning complexity (including randomized learning complexity). In
Section Bl we present the combinatorial (lower and upper) bounds on the halving
complexity. In Section [B] these bounds are used to characterize the additional
power provided by membership queries (compared to the power of equivalence
queries alone).

2 Basic Definitions and Notations

Let X be a finite set and C,H be two families of functions from X to {0, 1}.
In the sequel, we refer to X as the instance space, to C as the concept class,
and to H as the hypothesis class. It is assumed that C C H. A labeled instance
(z,b) € X x {0,1} is called a sample-point. A sample is a collection of sample-
points. For convenience, we represent each sample S as a partially defined binary

demonstrates the significance of supporting examples in the on-line learning model,
when the learner is randomized and the learning environment is oblivious.
The derivation of these bounds is based on ideas and results from [42], where bounds
on the number of queries needed for learning (i.e, for contracting the version space)
are presented. These bounds, however, leave a gap. It seems that the most accurate
combinatorial bounds are found on the level of the halving task. (See also [3] for a
survey on papers presenting upper and lower bounds on query complexity.)
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function over domain X . More formally, S is of the form S : X — {0,1, 7}, where
S(z) =? indicates that S is undefined on instance x. The set

supp(S) £ {z € X : S(x) #7} (1)

is called the support of S. Note that a concept or hypothesis can be viewed as a
sample with full support. The size of S is the number of instances in its support.
S’ is called subsample of S, denoted as S’ C S, if supp(S’) C supp(S) and
S’(x) = S(z) for each instance = € supp(S’). We say that sample S and concept
C are consistent if S C C. We say that S has a consistent explanation in C if
there exists a concept C' € C such that S and C' are consistent. The terminology
for hypotheses is analogous.

In the exact learning model, a learner (learning algorithm) A has to identify
an unknown target concept C, € C by means of queries. The query learning
process can be informally described as follows. Each query must be honestly
answered by an oracle. Learning proceeds in rounds. In each round, A issues the
next query and obtains an honest answer from the oracle. The current version
space V is the set of concepts from C that do not contradict to the answers
received so far. Initially, ¥V = C. From round to round, V shrinks. However, at
least the target concept C, always belongs to V because the answers given by
the oracle are honest. The learning process stops when V = {C,}.

For the sake of simplicity, we formalize this general framework only for the
following popular models of exact learning:

Equivalence Query Learning (EQ-Learning). Each allowed query can be
identified with a hypothesis H € H. If H = C,, the only honest answer is
“YES” (signifying that the target concept has been exactly identified by A).
Otherwise, an honest answer is a counterexample to H, i.e., an instance x
such that H(x) # C.(x).

Membership Query Learning (MQ-Learning). Each allowed query can be
identified with an instance z € X. The only honest answer is C,(z).

EQ-MQ-Learning. The learner may issue both types of queries.

Let V be the current version space. If A issues a membership query with instance
x and receives the binary label b, then the subsequent version space is given by

Viz,b] 2 {C € V:CO(x) = b}. (2)

Similarly, if A issues an equivalence query with hypothesis H and receives the
counterexample z, then the subsequent version space is given by

V[H,z] 2 {CeV:Cz) # H(z)} (3)

Clearly, answer “YES” to an equivalence query immediately leads to the final
version space {C}.

In general, V[Q, R] denotes the version space resulting from the current ver-
sion space V when A issues query @ and receives answer R. We denote by Q
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the set of queries from which @ must be selected. Given C,H, a collection Q
of allowed queries, and a deterministic learner A, we define DLCS(C,H) as the
following unique number ¢:

— There exists a target concept C, € C and a sequence of honest answers to
the queries selected by A such that the learning process does not stop before
round q.

— For each target concept C, € C and each sequence of honest answers to the
queries selected by A, the learning process stops after round ¢ or earlier.

In other words, DLC%(C ,H) is the smallest number ¢ of queries such that A is
guaranteed to identify any target concept from C with hypotheses from H using
q queries from Q. The deterministic learning complexity associated with C, H, Q
is given by

DLCS(C, H) £ min DLCS(C, H), (4)

where A varies over all deterministic learners.

3 Games Related to Learning

Since we measure the number of queries needed by the learner in a worstcase
fashion, we can model the learning process as a game between two players:
the learner A and its adversary ADV. We use the notation ADV 4 to indicate
the strongest possible adversary of A. We begin with a rather straightforward
interpretation of exact learning as a game.

3.1 The Learning Game

C,H and Q are fixed and known to both players. The game proceeds as follows.
In a first move (invisible to A), ADV picks the target concept C, from C. After-
wards, both players proceed in rounds. In each round, first player A makes its
move by selecting a query from Q. Then, ADV makes its move by selecting an
honest answer. The game is over when the current version space does not con-
tain any concept different from C,. The goal of A is to finish the game as soon
as possible, whereas the goal of ADV is to continue playing as long as possible.
A is evaluated against the strongest adversary ADV 4 that forces A to make a
maximum number of moves (or the maximum expected number of moves in the
case of a randomized learner).

It should be evident that the number of rounds in the learning game between
a deterministic learner A and ADV 4 coincides with the quantity DLC%(C VM)
that was defined in the previous section. Thus, DLC?(C,H) coincides with the
number of rounds in the learning game between the best deterministic learner
and its adversary.

We define RLCS(C,H) as the expected number of rounds in the learning
game between the (potentially) randomized learner A and its strongest adversary
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ADV A The randomized learning complezity associated with C,H, Q is given by
RLC2(C,H) £ min RLCS(C, H), (5)

where A varies over all (potentially) randomized learners.

3.2 The Contraction Game

It is well known that, in the case of deterministic learners A, the learning game
can be replaced by a conceptually simpler game, differing from the learning game
as follows:

— The first move of ADV is omitted, i.e., ADV makes no commitment about
the target concept in the beginning.

— Each (syntactically correct)@ganswer that does not lead to an empty version
space is honest.

— The game is over when the version space is a singleton.

Again, the goal of player A is to finish the game as soon as possible, whereas the
goal of the adversary is to finish as late as possible. A is evaluated against its
strongest adversary ADV 4. We will refer to this new game as the contraction
game and to A as a contraction algorithm.

The following lemmas recall some well known facts (in a slightly more general
setting).

Lemma 1. As for the contraction game, there exist two deterministic optimal
players Ay and ADV,, i.e., the following holds:

1. Let A be any (potentially randomized) contraction algorithm. Then, ADV,
forces A to make at least as many moves as As.

2. Let ADV be any (potentially randomized) oracle. Then A, needs no more
moves against ADV than against ADV,.

The proof uses a standard argument which is given here for sake of completeness.

Proof. Consider the decision tree T that models the moves of both players.
Each node of T is of type either Q or R (signifying which player makes the next
move). Each node of type Q is marked by a version space (reflecting the actual
configuration of the contraction game), and each node of type R is marked by
a version space and a question (again reflecting the actual configuration of the
game including the last question of A). The structure of T' can be inductively
described as follows:

3 Here, ADV 4 knows the program of A, but A determines its next move by means
of secret random bits. Thus, ADV 4 knows the probability distribution of the future
moves, but cannot exactly predict them. This corresponds to what is called “weakly
oblivious environment” in [5].

4 B.g., the answer to an equivalence (or membership) query must be an instance from
X (or a binary label, respectively).
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— Tts root is of type Q and marked C (the initial version space in the contraction
game).

— A node of type Q that is marked by a singleton (version space of size 1) is
a leaf (signifying that the game is over).

— Each inner node v of type Q that is marked V has k children v[@Q4], . . ., v[Qx],
where @1, ...,Qk denote the non-redundant questions that A is allowed to
issue at this stage. Node v[Q;] is of type R and marked (V, Q;).

— Each inner node w of type R that is marked (V, Q) has [ children w[R1], ...,
w[Ry], where Ry, ..., R; denote the honest answers of ADV to question @ at
this stage. Node w[R;] is of type Q and marked V[Q, R;] (the version space
resulting from V when A issues query @ and receives answer R;).

It is easy to describe deterministic optimal strategies for both players in a
bottom-up fashion. At each node of T, the optimal decisions for A and ADV
result from the following rules:

— Each leaf is labeled 0 (signifying that no more moves of A are needed to
finish the game).

— If anode w of type R that is labeled (V, Q) has children w[R4], ..., w[R;] la-
beled (n1,...,n;), respectively, and n; = max{ni,...,n;}, then w is labeled
n;. Furthermore, ADV should answer R; to question (), given that V is the
current version space.

— If a node v of type Q that is labeled V has children v[Q1], ..., v[Qk] labeled
(mq,...,my), respectively, and m; = min{mg,...,mg}, then v is labeled
1+ m;. Furthermore, A should ask question @);, given that V is the current
version space.

Note that these rules can be made deterministic by resolving the ties in an
arbitrary deterministic fashion. It is easy to prove for each node v of T' (by
induction on the height of v) that the following holds:

If v is marked V), then the rules specify two deterministic optimal players (in
the sense of Lemma [M) for the partial contraction game that starts with initial
version space V. The bottom-up label associated with v specifies the number of
rounds in this partial game when both player follow the rules.

The extrapolation of this claim to the root node of T yields Lemma Il

Lemma [l implies that A, is the best contraction algorithm among all (possibly
randomized) algorithms. (Remember that each algorithm A is evaluated against
its strongest adversary ADV 4.) It implies also that ADV, is the strongest ad-
versary of A,.

Lemma 2. DLCQ(C,”H) coincides with the number of rounds, say q., in the
contraction game between A, and ADV,.

The proof of this lemma (given here for sake of completeness) is well known in
the learning community and is, in fact, the justification of the popular adversary
arguments within the derivation of lower bounds on the number of queries needed
by deterministic learners.
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Proof. The contraction game coincides with the learning game, except for the
commitment that the adversary has to make in the first step of the learning
game: the selection of a target concept C, € C. Thus, DLC2(C,H) < ¢*. It
suffices therefore to show that for each deterministic learner A there exists an
adversary ADV 4 that forces at least g, moves of A.

To this end, let A be an arbitrary, but fixed, deterministic learner. Let ADV,

be the optimal deterministic adversary in the contraction game that was de-
scribed in the proof of Lemmal[ll Let A play against ADV, in the contraction
game Let ¢ > q. be the number of queries needed by A to finish the contrac-
tion game against player ADV,, and let C, be the unique concept in the final
(singleton) version space. Now we may use an adversary ADV 4 in the learning
game that selects C, as a target concept in the beginning and then simulates
ADV,. Since A is deterministic, this will lead to the same sequence of moves as
in the contraction game. Thus, ADV can force ¢ > ¢* moves of A.
Note that a lower bound argument can deal with a sub-optimal (but, may be,
easier to analyze) adversary ADV (instead of ADV,). Symmetrically, an up-
per bound argument may use a sub-optimal (but, may be, easier to analyze)
contraction algorithm A (instead of A,).

We briefly remind the reader to Example [[I If C contains all functions from
{1,...,d} to {0, 1}, then Example [ shows that

DLCF9(C,C) = d and RLCPY(C,C) < d/2.

In the light of Lemmas [[] and 2] this demonstrates that the contraction game
does not model the learning game when randomized learners are allowed.

3.3 The Halving Game

The halving game is defined like the contraction game except that it may start
with an arbitrary initial version space Vo C C (known to both players), and it is
over as soon as the current version space )V contains at most half of the concepts
of Vy. Player A (called halving algorithm in this context) tries to halve V, as
fast as possible. Player ADV 4 is its strongest adversary.

Like in the contraction game, there exist two optimal deterministic players:
A, (representing the optimal halving algorithm) and ADV, (wich is also the
strongest adversary for A,). (Compare with Lemma [1) Let HCS(Vy, H) be
defined as the number of rounds in the halving game between A, and ADV,.
In other words, HCQ(VO,H) is the smallest number of queries that suffices to
halve the initial version space Vy when all queries are answered in a worstcase
fashion. This parameter has the disadvantage of being not monotonic: a subset
of Vy might be harder to halve than V) itself. In order to force monotonicity, we
define the halving complexity associated with C,H, Q as follows:

HC2(C,H) = max{HC2(V,H): V C C} (6)

5 This looks like a dirty trick because A is an algorithm that expects to play the learn-
ing game. We will however argue later that A cannot distinguish the communication
with ADV, from the communication with an adversary ADV in the learning game.
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The relation between halving and learning is the central issue of the next
section.

4 Halving and Learning Complexity

Theorem 1. The following chain of inequalities is valid:

% -HC2(C,H) < RLC2(C,H) (7)
< max { HOZ(C,H), RLC2(C, M)} (®)
< DLC2(C,H) (9)
< [log|C|] - HC2(C, H). (10)

Proof. We begin with the proof of inequality (7). Let A be an arbitrary (po-
tentially randomized) learning algorithm. Let V. C C be the version space such
that

¢ 2HCS(C,H) = HCO(V,, H).

Let ADV, be the optimal deterministic adversary for the problem of halving
V. Thus, ADV, forces each halving algorithm to issue at least ¢* queries. In
order to derive a lower bound on RLC2(C,H), we use an adversary ADV that
proceeds as follows:

First move. Pick a target concept C, € V, uniformly at random. Release the
information that the target concept is taken from V, to A.

Subsequent moves. Simulate ADV, as long as its answers do not exclude
target concept C, from the resulting version space. As soon as C, would be
excluded, abort the simulation and give up.

We say that the learning algorithm A “wins” in ¢ moves against ADV if it takes
q moves until A either has identified the target concept C, or forced ADV to
give up. It suffices to show that the expected number of moves needed for A to
win against ADV is larger than ¢*/2.
Note that the behaviour of ADV, does not depend on the first move of ADV.
We may therefore alternatively run the complete simulation of ADV, in a first
stage, pick the target concept C, € V uniformly at random in a second stage,
and undo the final illegal rounds with C, not belonging to the version space in a
third stage. Let ¢ be the number of rounds in stage 1, and let V; be the version
space after ¢ rounds. Since the halving game stops as soon as the initial version
space V. is halved, V,_; still contains more than half of the concepts in V. Thus,
with a probability exceeding 1/2, the target concept C, is taken from V,_ ;. In
this case, the learning algorithm A cannot win in fewer than ¢ rounds. It follows
that the expected number of rounds until the learner wins is larger than ¢*/2.
We proceed with the proof of inequality (@). Deterministic query learning
is correctly modelled by the contraction game. Since the contraction of an ini-
tial version space V, cannot be easier than halving V,, we get DLCQ(C JH) >
HCZ(C,H). Clearly, DLC2(C,H) > RLC2(C,H). Thus, inequality () is valid.
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We move on to inequality (I0). Contraction of the initial version space C is
obtained after |log|C|| halvings. A learning algorithm A may therefore proceed
in [log|C|] phases and apply, in each phase with current version space V, the
optimal deterministic halving strategy w.r.t. initial version space V. In each
phase, at most HC2(C,H) queries are issued.

Since inequality (8) is trivial, we are done.

5 Bounds on the Halving Complexity

For @ = {EQ,MQ} or @ = {EQ}, the halving complexity can be character-
ized by combinatorial parameters that we call “halving dimension” and “strong
halving dimension” [§ These parameters are closely related to the “consistency
dimension” and “strong consistency dimension” that were used in [2] for de-
scribing lower and upper bounds on the deterministic learning complexity. The
bounds in [2] left a gap of size 6(log |C]). The bounds that we derive in the course
of this section are (almost) tight.

Definition 1. 1. The parameter Hdim(V,H) denotes the smallest number d
with the following property. If a function S : X — {0,1} (sample with full
support) does not belong to H, then there exists a subsample S’ C S of size
at most d such that the fraction of concepts in V that are consistent with S’
is at most 1/2. The halving dimension associated with C and H is given by

Hdim..(C,H) 2 max{Hdim(V,H) : V C C}. (11)

2. The parameter SHdim(V,H) denotes the smallest number d with the follow-
ing property. If a sample S : X — {0,1,?7} has no consistent explanation
in H, then there exists a a subsample S" T S of size at most d such that
the fraction of concepts in V that are consistent with S” is at most 1/2. The
strong halving dimension associated with C,H, Q is given by

SHdim..(C,H) 2 max{SHdim(V,H) : V C C}. (12)

Note that both definitions are almost identical, except for the subtle fact that
the first definition ranges over samples with full support, whereas the second
definition ranges over all samples. The next theorems show that the halving
dimension characterizes the halving complexity when Q = {EQ,MQ}, and the
strong halving dimension characterizes the halving complexity when Q = {EQ}.

Theorem 2. HCP@MQ(V 1) = Hdim(V,H).

Proof. For sake of simplicity, set ¢ 2 HePeMQ (V,H) and d 2 Hdim(V, H).
First, we show that ¢ > d. The minimality of d implies that there exists

a function C' : X — {0,1} ¢ H such that each subsample S C C of size at

most d — 1 is consistent with more than half of the concepts in V. Thus, any

5 Note that the case @ = {EQ,MQ} and H = ) covers also the case Q = {MQ}.
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halving algorithm issuing equivalence queries with hypotheses from #H fails to
be consistent with C' and may obtain counterexamples taken from C. If) in
addition, each membership query is answered in accordance with C', then the
sample points, returned after up to d — 1 queries, form a subsample S C C of
size at most d — 1. Hence, at least one additional query is needed for halving the
initial version space V.

Second, we show that ¢ < d. Let M : X — {0,1} be a function that goes
with the majority of the concepts in V on each instance x € X (breaking ties
arbitrarily). If M € H, then ¢ = 1 because the equivalence query with hypothesis
M will halve the version space V. Clearly, d > 1. We may therefore assume
wlog. that M ¢ H. It follows that there exists a subsample S T M of size at most
d that is inconsistent to at least half of the concepts in V. The crucial observation
is that ¢ < |S| < d since V can be halved by issuing the |S| membership queries
for all instances in S: The adversary either fails to go with the majority of the
concepts in V on some x € S (which immediately halves V) or goes with the
majority on all z € S. In the latter case, V is halved after all |S| membership
queries have been issued.

Corollary 1. HCFQMQ(C H) = Hdim,(C,H).

Theorem 3. SHdim(V,H) < HC*?(V,H) < [In(4) - SHdim(V, H)].

Proof. For sake of simplicity, set ¢ 2 HCEe (V,H) and d £ SHdim(V, H).

First, we show that ¢ > d. The minimality of d implies that there exists a
sample C' : X — {0,1,7} without consistent explanation in H such that each
subsample S C C of size at most d — 1 is consistent with more than half of
the concepts in V. Thus, any halving algorithm issuing equivalence queries with
hypotheses from H fails to be consistent with C' and may obtain counterexamples
taken from C. After up to d—1 queries, these counterexamples form a subsample
S C C of size at most d — 1. Hence, at least one additional query is needed for
halving the initial version space V.

In order to prove ¢ < [In(4)-d], we describe an appropriate halving algorithm
A. Akeeps track of the current version space W (which is V initially). For i = 0, 1,
let M{,V be the set

1
{Jj € X : the fraction of concepts C € W with C'(z) =1 — i is less thanQd} .

In other words, a very large fraction (at least 1—1/(2d)) of the concepts in V votes
for output label ¢ on instances from M{,v Let Myy be the sample assigning label
i € {0,1} to all instances from M7, and label “?” to all remaining instances
(those without a so clear majority). Let S T My be an arbitrary but fixed
subsample of size at most d. The definition of M{/V implies (through some easy-
to-check counting) that more than half of the concepts in W are consistent
with S. The definition of the strong halving dimension implies that M,y has a
consistent explanation, say Hyy, in H.



12 H.U. Simon

The punchline of this discussion is: if A issues the the equivalence query with
hypothesis Hyy (for the current version space W), then the next counterexample
will shrink W by a factor 1 — 1/(2d) (or by a smaller factor). For the purpose
of halving the initial version space V), a sufficiently large number of equivalence
queries is therefore obtained by solving

1— £ . V< e /Dy < 1 V|
2d -2

for ¢'. Clearly, ¢ = [In(4) - d] is sufficiently large.
Corollary 2. SHdim,(C,H) < HCF?(C,H) < [In(4) - SHdim.(C,H)].

6 An Application of the Halving Dimension

In this section, we show that the number equivalence queries needed to halve
a given version space V (roughly) equals the total number of equivalence and
membership queries needed to halve V on the “hardest subdomain” K of X.
Loosely speaking, there is always a subdomain K of X that leaves the problem of
halving V by means of equivalence queries as as hard as before, but which renders
membership queries useless. A similar result was shown in [2] for contraction
(deterministic exact learning). However, this result left a gap of size 6(log|C]).
The result proven here leaves only a (small) constant gap.

Let K C X. For each function F': X — {0, 1}, let F denote the restriction
of F' to subdomain K. For each class F of functions from X to {0,1}, we define

Fi 2 {Fx : F € F}. Then the following holds:
Lemma 3. SHdim(V,H) = maxgcx Hdim(Vi, Hi).

Proof. Set d = SHdim(V, H). Remember that d is the smallest number such that
for all samples S : X — {0,1,7} the condition described in the second part of
Definition [1] is satisfied. Let dx be the corresponding number when we restrict
ourselves to samples .S with support K. It is evident that d = maxxcx dx and
dx = Hdim(Vk, Hx ), which completes the proof of the lemma.

Combining Lemma [B] Corollary [[l and Corollary 2] we get
Corollary 3.

max HCPOMQ (Vi H ) < HCFQ(V, H) < In(4) - max HCPMQ (Vi Hy).
KCX KCX

Among the obvious open problems are the following-ones:

— The relation between halving and learning complexity that is proven in this
paper leaves a gap. Can this gap be removed (at least for some concrete
popular classes)?

— Can the (strong) halving dimension be determined for some popular concept
and hypothesis classes?
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Abstract. We establish superlinear lower bounds on the Vapnik-Cher-
vonenkis (VC) dimension of neural networks with one hidden layer and
local receptive field neurons. As the main result we show that every rea-
sonably sized standard network of radial basis function (RBF) neurons
has VC dimension 2(W logk), where W is the number of parameters
and k the number of nodes. This significantly improves the previously
known linear bound. We also derive superlinear lower bounds for net-
works of discrete and continuous variants of center-surround neurons.
The constants in all bounds are larger than those obtained thus far for
sigmoidal neural networks with constant depth.

The results have several implications with regard to the computational
power and learning capabilities of neural networks with local receptive
fields. In particular, they imply that the pseudo dimension and the fat-
shattering dimension of these networks is superlinear as well, and they
yield lower bounds even when the input dimension is fixed. The methods
developed here appear suitable for obtaining similar results for other
kernel-based function classes.

1 Introduction

Although there exists already a large collection of Vapnik-Chervonenkis (VC)
dimension bounds for neural networks, it has not been known thus far whether
the VC dimension of radial basis function (RBF) neural networks is superlinear.
Major reasons for this might be that previous results establishing superlinear
bounds are based on methods geared to sigmoidal neurons or consider networks
having an unrestricted number of layers [3]10/13/22]. RBF neural networks, how-
ever, differ from other neural network types in two characteristic features (see,
e.g., Bishop M|, Ripley [21]): There is only one hidden layer and the neurons
have local receptive fields. In particular, the neurons are not of the sigmoidal
type (see Koiran and Sontag [10] for a rather general definition of a sigmoidal
activation function that does not capture radial basis functions).

* This work has been supported in part by the ESPRIT Working Group in Neural
and Computational Learning II, NeuroCOLT2, No. 27150.

D. Helmbold and B. Williamson (Eds.): COLT/EuroCOLT 2001, LNAT 2111, pp. 14-[30, 2001.
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Beside sigmoidal networks, RBF networks are among the major neural net-
work types used in practice. They are appreciated because of their impressive
capabilities in function approximation and learning that have been well studied
in theory and practice (see, e.g., [BIOI15I16/1819120]). Sigmoidal neural networks
are known having VC dimension that is superlinear in the number of network pa-
rameters, even when there is only one hidden layer [22]. Since the VC dimension
of single neurons is linear, this superlinearity witnesses the enormous compu-
tational capabilities that emerge when neurons cooperate in networks. The VC
dimension of RBF networks has been studied earlier by Anthony and Holden [2],
Lee et al. [TT12], and Erlich et al. [7]. In particular, Erlich et al. [7] established
a linear lower bound, and Anthony and Holden [2] posed as an open problem
whether a superlinear bound can be shown.

In this paper we prove that the VC dimension of RBF networks is indeed
superlinear. Precisely, we show that every network with n input nodes, W pa-
rameters, and one hidden layer of & RBF neurons, where k < 2("+2)/2 has VC
dimension at least (W/12)log(k/8). Thus, the cooperative network effect en-
hancing the computational power of sigmoidal networks is now confirmed for
RBF networks, too. Furthermore, the result has consequences for the complex-
ity of learning with RBF networks, all the more since it entails the same lower
bound for the pseudo dimension and the fat-shattering dimension. (See Anthony
and Bartlett [I] for implications of VC dimension bounds, and the relationship
between the VC dimension, the pseudo dimension, and the fat-shattering dimen-
sion.)

We do not derive the result for RBF networks directly but take a major de-
tour. We first consider networks consisting of a different type of locally process-
ing units, the so-called binary center-surround receptive field (CSRF) neurons.
These are discrete models of neurons found in the visual system of mammals
(see, e.g., Nicholls et al. [I7, Chapter 16], Tessier-Lavigne [23]). In Section Bl we
establish a superlinear VC dimension bound for CSRF neural networks showing
that every network having W parameters and & hidden nodes has VC dimension
at least (W/5)log(k/4), where k < 2™/2, Then in Section Fl we look at a contin-
uous variant of the CSRF neuron known as the difference-of-Gaussians (DOG)
neuron, which computes the weighted difference of two concentric Gaussians.
This type of unit is widely used as a continuous model of neurons in the visual
pathway (see, e.g., Glezer [§], Marr [14]). Utilizing the result for CSRF networks
we show that DOG networks have VC dimension at least (W/5)log(k/4) as well.
Finally, the above claimed lower bound for RBF networks is then immediately
obtained.

We note that regarding the constants, the bounds for CSRF and DOG net-
works are larger than for RBF networks. Further, all bounds we derive for net-
works of local receptive field neurons have larger constant factors than those
known for sigmoidal networks of constant depth thus far. For comparison, sig-
moidal networks are known that have one hidden layer and VC dimension
at least (W/32)log(k/4); for two hidden layers a VC dimension of at least
(W/132)log(k/16) has been found (see Anthony and Bartlett [I Section 6.3]).
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Finally, the results obtained here give rise to linear lower bounds for local recep-
tive field neural networks when the input dimension is fixed.

2 Definitions and Notation

Let ||u|| denote the Euclidean norm of vector u. A Gaussian radial basis function
(RBF') neuron computes a function grpr : R*"*! & R defined as

_ Mz —c]?
gRBF(C7 ag, .'17) = eXp 2 )

g

with input variables x1, ..., x,, and parameters ci, . .., ¢, (the center) and o > 0
(the width). A difference-of-Gaussians (DOG) neuron is defined as a function
gpog : R — R computed by the weighted difference of two RBF neurons
with equal centers, that is,

gnoc(c, 0,7, a, B, x) = agrer(c, 0,z) — Bgrer(c, T, ) .

A binary center-surround receptive field (CSRF) neuron computes a function
gesrr : R*™? — {0,1} defined as

gesrr(c,a,b,z) =1<=a<|lz—c| <b

with center (c1,...,¢n), center radius a > 0, and surround radius b > a. We also
refer to it as off-center on-surround neuron and call for given parameters c, a, b
the set {z : gcsrr(c, a, b, x) = 1} the surround region of the neuron.

We consider neural networks with one hidden layer computing functions of
the form f: R"Y*" 5 R, where W is the number of network parameters, n the
number of input nodes, and

f(w7yvl') = Wo +w1h1(y7x) +e 'U}khk(y,x) .

The k hidden nodes compute functions hq, ..., hi € {grpr, 900G, gosrr }- (Each
hidden node “selects” its parameters from y, which comprises all parameters of
the hidden nodes.) Note that if h; = grpr for i = 1,..., k, this is the standard
form of a radial basis function neural network. The network has a linear output

node with parameters wy, . . . , wy also known as the output weights. For simplicity
we sometimes refer to all network parameters as weights.
An (n —1)-dimensional hyperplane in IR" is given by a vector (wq, ..., w,) €

R"! and defined as the set
{r e R" : wo + wyz1 + -+ + wpzy, =0} .

An (n — 1)-dimensional hypersphere in IR™ is represented by a center ¢ € R"
and a radius r > 0, and defined as the set

{xeR":|lx—c||=r} .
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We also consider hyperplanes and hyperspheres in IR" with a dimension k£ <
n — 1. In this case, a k-dimensional hyperplane (hypersphere) is the intersec-
tion of two (k + 1)-dimensional hyperplanes (hyperspheres), assuming that the
intersection is non-empty. (For hyperspheres we additionally require that the
intersection is not a single point.)

A dichotomyof aset S C IR" is a pair (Sp, S1) of subsets such that SoNS; = 0
and SpUS; = S. A class F of functions mapping IR" to {0, 1} shatters S if every
dichotomy (Sp, S1) of S is induced by some f € F (i.e., satisfying f(Sp) C
{0} and f(S1) C {1}). The Vapnik-Chervonenkis (VC) dimension of F is the
cardinality of the largest set shattered by F. The VC dimension of a neural
network N is defined as the VC dimension of the class of functions computed
by N, where the output is made binary using some threshold.

We use “In” to denote the natural logarithm and “log” for the logarithm to
base 2.

3 Lower Bounds for CSRF Networks

In this section we consider one-hidden-layer networks of binary center-surround
receptive field neurons. The main result requires a property of certain finite sets
of points.

Definition. A set S of m points in IR"™ is said to be in spherically general
position if the following two conditions are satisfied:

(1) For every k < min(n,m — 1) and every (k + 1)-element subset P C S, there
is no (k — 1)-dimensional hyperplane containing all points in P.

(2) For every l < min(n,m — 2) and every (I + 2)-element subset Q C S, there
is no (I — 1)-dimensional hypersphere containing all points in Q.

Sets satisfying condition (1) are commonly referred to as being “in general
position” (see, e.g., Cover [6]). For the VC dimension bounds we require suffi-
ciently large sets in spherically general position. It is not hard to show that such
sets exist.

Proposition 1. For every n,m > 1 there exists a set S C IR"™ of m points in
spherically general position.

Proof. We perform induction on m. Clearly, every single point trivially satisfies
conditions (1) and (2). Assume that some set S C IR™ of cardinality m has been
constructed. Then by the induction hypothesis, for every k& < min(n,m), every
k-element subset P C S does not lie on a hyperplane of dimension less than
k — 1. Hence, every P C S, |P| = k < min(n, m), uniquely specifies a (k — 1)-
dimensional hyperplane Hp that includes P. The induction hypothesis implies
further that no point in S\ P lies on Hp. Analogously, for every | < min(n, m—1),
every (I + 1)-element subset @ C S does not lie on a hypersphere of dimension
less than [ — 1. Thus, every Q C S, |Q| =1+ 1 < min(n,m — 1) + 1, uniquely
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determines an (I —1)-dimensional hypersphere By containing all points in @ and
none of the points in S\ Q.

To obtain a set of cardinality m+1 in spherically general position we observe
that the union of all hyperplanes and hyperspheres considered above, that is, the
union of all Hp and all By for all subsets P and (), has Lebesgue measure 0.
Hence, there is some point s € IR" not contained in any hyperplane Hp and
not contained in any hypersphere Bg. By adding s to S we then obtain a set of
cardinality m + 1 in spherically general position. a

The following theorem establishes the major step for the superlinear lower
bound.

Theorem 2. Let h,q,m > 1 be arbitrary natural numbers. Suppose N is a
network with one hidden layer consisting of binary CSRF neurons, where the
number of hidden nodes is h+29 and the number of input nodes is m+q. Assume
further that the output node is linear. Then there exists a set of cardinality
hq(m + 1) shattered by N'. This even holds if the output weights of N are fized
to 1.

Proof. Before starting with the details we give a brief outline. The main idea is
to imagine the set we want to shatter as being composed of groups of vectors,
where the groups are distinguished by means of the first m components and the
remaining ¢ components identify the group members. We catch these groups by
hyperspheres such that each hypersphere is responsible for up to m + 1 groups.
The condition of spherically general position will ensure that this works. The
hyperspheres are then expanded to become surround regions of CSRF neurons.
To induce a dichotomy of the given set, we split the groups. We do this for each
group using the ¢ last components in such a way that the points with designated
output 1 stay within the surround region of the respective neuron and the points
with designated output 0 are expelled from it. In order for this to succeed, we
have to make sure that the displaced points do not fall into the surround region
of some other neuron. The verification of the split operation will constitute the
major part of the proof.

By means of Proposition M let {si,...,8x(m+1)} € IR™ be in spherically
general position. Let ey, ..., e, denote the unit vectors in IR?, that is, with a 1
in exactly one component and 0 elsewhere. We define the set S by

S={s;:i=1,...,h(m+1)} x{ej:j=1,...,q} .

Clearly, S is a subset of IR™"? and has cardinality hq(m + 1). To show that S
is shattered by N, let (Sp,S1) be some arbitrary dichotomy of S. Consider an
enumeration My, ..., Maqs of all subsets of the set {1,...,q}. Let the function
fAL...,h(m+1)} = {1,...,29} be defined by

Mf(i) = {] 1 85€5 € Sl} R
where s;e; denotes the vector resulting from the concatenation of s; and e;. We

use f to define a partition of {s1,...,Sp(m41)} into sets T, for k=1,...,27 by

T, ={s;: fi) =k} .
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We further partition each set T}, into subsets T}, , for p=1,..., [|Tk|/(m + 1)],
where each subset T} , has cardinality m + 1, except if m + 1 does not divide
|Tk|, in which case there is exactly one subset of cardinality less than m + 1.
Since there are at most h(m + 1) elements s;, the partitioning of all T} results
in no more than h subsets of cardinality m + 1. Further, the fact & < 29 permits
at most 27 subsets of cardinality less than m + 1. Thus, there are no more than
h + 29 subsets T}, p.

We employ one hidden node Hy,;, for each subset T}, ,. Thus the 427 hidden
nodes of A suffice. Since {si,.. -y 8h(m+1)} is in spherically general position,
there exists for each T, an (m — 1)-dimensional hypersphere containing all
points in T} , and no other point. If [T} ,| = m+1, this hypersphere is unique; if
[Tk p| < m+1, there is a unique (|7, ,| — 2)-dimensional hypersphere which can
be extended to an (m — 1)-dimensional hypersphere that does not contain any
further point. (Here we require condition (1) from the definition of spherically
general position, otherwise no hypersphere of dimension |Tj | — 2 including all
points of T} , might exist.) Clearly, if [T | = 1, we can also extend this single
point to an (m — 1)-dimensional hypersphere not including any further point.

Suppose that (cxp,7k,p) With center ¢, and radius 74, represents the hy-
persphere associated with subset T}, . It is obvious from the construction above
that all radii satisfy ry, > 0. Further, since the subsets T}, are pairwise dis-
joint, there is some € > 0 such that every point s; € {51,..., Sp(m+1)} and every
just defined hypersphere (¢ p, %) satisfy

if s; € Ty p then |||s; — crpll — Tkp

>e . (1)

In other words, ¢ is smaller than the distance between any s; and any hypersphere
(Ck,p, Tk,p) that does not contain s;. Without loss of generality we assume that
e is sufficiently small such that

e <minrg, . (2)
k.p

The parameters of the hidden nodes are adjusted as follows: We define the
center ¢ p = (Ckp1s-- -, Ch,pm+tq) Of hidden node Hy , by assigning the vector
ck,p to the first m components and specifying the remaining ones by

k.pm+j = —£2 /4 otherwise ,

for j =1,...,q. We further define new radii 7, by

- e\?
Php = \/Tiyp + (¢ — | Mg]) (5) +1

and choose some 7 > 0 satisfying

62
< min —— . 3
7 S min g (3)
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The center and surround radii 6;€)p,/l;k7p of the hidden nodes are then specified
as

Qkp =Tkp —7 >

bk,p =Tkp+7 -

Note that @, > 0 holds, because e* < 77 implies v < 7.

This completes the assignment of parameters to the hidden nodes Hy, ,. We
now derive two inequalities concerning the relationship between € and v that we
need in the following. First, we estimate €2/2 from below by

2 52

¢ &
4 64
g2 et

— 4+ ——— forallk
> 1 +(8?k,p)2 or a P,

52>
2

where the last inequality is obtained from &> < 7 . Using (B) for both terms
on the right-hand side, we get
2

% > g py + 2 forall k,p . (4)

Second, from (2)) we get

2 &2
—Tk,p€ + 5 < 1 for all k,p
and @) yields
2
-7 < =2y forall k,p .

Putting the last two inequalities together and adding v? to the right-hand side,
we obtain

2
— TppE + % < =27,y +7°  forall k,p . (5)

We next establish three facts about the hidden nodes.

Claim 1. Let s;e; be some point and Ty, some subset where s; € Ty, and
Jj € My. Then hidden node Hy,, outputs 1 on s;e;.

According to the definition of ¢ p, if j € My, we have

~ e\4
Isies = ol = llsi = cpl® +(a = M) (5) +1 -

The condition s; € Ty, implies ||s; — cxp||* = 77 ,, and thus

||3iej - Ck,p”2 = ri,p +(a — [Mg]) (5) 1

— 2
= Tk,p .
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It follows that |[s;e; — C p|| = Tk,p, and since Gy, < T p < bip, point s;e; lies
within the surround region of node Hy, ;. Hence, Claim [I]is shown.

Claim 2. Let s;e; and T}, satisfy s; € Ty, and j € My. Then hidden node
Hy, , outputs 0 on s;e;.

From the assumptions we get here

2
o5 — Gl = llsi — crpl + (a— 1Ml = 1) (2) 4 (145
lsiej = Cupll™ = llsi = crpll” + (@ = |Mx| = 1) (5) + {1+
e\4 g2
=i, + - M) (5) +1+5
: 2 2
2
—~ [3)
:TkZ,p"FE

Employing (B) on the right-hand side results in
||3iej — /C\k’p”Q > ?162,17 + 2?k,p’7 + ’72 .

Hence, taking square roots we have |[s;e; — € p|| > T p + 77, implying that s;e;
lies outside the surround region of Hy, ;,. Thus, Claim [ follows.

Claim 3. Let s;e; be some point and Ty, ,, some subset such that s; € Ty, ,,. Then
every hidden node Hy . with (K',p") # (k,p) outputs 0 on s;e;.

Since s; € Ty, and s; is not contained in any other subset T/ ,, condition ()
implies

Isi = curpr I > (1w r + €)% 01 185 = e | < (i = €)? (6)
We distinguish between two cases: whether j € My or not.

Case 1. If j € My, then by the definition of ¢, we have

N e\?
lsies =G I = llss = crrgr 2+ (g = M) () +1 -
From this, using (6] and the definition of 7/ ,» we obtain
Hsle‘] _/C\k’,p/||2 > ;’\]%,,p, —’—2’]"kl$p15—’—€2
or (7)

Hsiej _Ek/,p/”Q < ?/%',p’ — 2Tk’,p’5 + 62 .

We derive bounds for the right-hand sides of these inequalities as follows. From
) we have

€2 > 4y py + 297,
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which, after adding 27, to the left-hand side and halving the right-hand side,
gives

2ry pre + g2 > 27’\16/’;0/’)/ + ’72 . (8)

From () we get €2/2 < ry e, that is, the left-hand side of (§) is negative.
Hence, we may double it to obtain from (§)

— 27 €+ 2 < =2y 2

Using this and (§) in (@) leads to

Isie; = Chrpr |* > Py +7)° or ||siej = Chrpr||> < (Frr gy —7)?

And this is equivalent to
||Si€j — /C\k’,p’H > bk/’p/ or ||S¢€j — /C\k/’p/H < 6;6/4,/ s
meaning that Hj , outputs 0.

Case 2. If j & My, then

e — O 2 _|ls; — 2 — M, € ! 1 i
Isiej = ol = llsi —cwp I+ (g = IMw]) (5) +1+ 75

As a consequence of this together with (6) and the definition of 74 ,» we get

2
~ ~ 9
Isiej = Gy 1* > Ty + 2r0 e + €%+ o
or
2
~ Py 9
||Si€j — Cklvp/”z < 7‘]2617},/ — 27’]@/71,/5 + 52 + E 5

from which we derive, using for the second inequality ¢ < ry/ ,y from (@),

2
~ ~ 9
||sz-ej — Cklyp/HQ > 7’,%/71)/ + g p€+ DY
or ) (9)
9

||S¢6j — ,C\k’,p’H2 < ’,I’\,%/’p/ — Tk p €+ 5

Finally, from (@) we have
g2 9
TR pr€ + 5 > 2T+,
and, employing this together with (B, we obtain from (@)

[sie; — Ek’,p’||2 > (Thrpr + ’7)2 or [[sie; — Ekﬂp’Hz < Pkt — 7)2 )
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which holds if and only if
Isie; = | > b o lIsies = G|l < @ -

This shows that Hy ,» outputs 0 also in this case. Thus, Claim [ is established.

We complete the construction of N by connecting every hidden node with
weight 1 to the output node, which then computes the sum of the hidden node
output values.

We finally show that we have indeed obtained a network that induces the
dichotomy (Sp, S1). Assume that s;e; € S;. Claims [l 2] and Blimply that there
is exactly one hidden node Hy, p,, namely one satisfying k = f(¢) by the definition
of f, that outputs 1 on s;e;. Hence, the network outputs 1 as well. On the other
hand, if s;e; € Sp, it follows from Claims 2] and [3 that none of the hidden nodes
outputs 1. Therefore, the network output is 0. Thus, A shatters S with threshold
1/2 and the theorem is proven. O

The construction in the previous proof was based on the assumption that
the difference between center radius and surround radius, given by the value 2,
can be made sufficiently small. This may require constraints for the precision of
computation that are not available in natural or artificial systems. It is possible,
however, to obtain the same result even if there is a lower bound on « by simply
scaling the elements of the shattered set using a sufficiently large factor.

In the following we obtain a superlinear lower bound for the VC dimension
of networks with center-surround receptive field neurons. By |2| we denote the
largest integer less or equal to z.

Corollary 3. Suppose N is a network with one hidden layer of k binary CSRF
neurons and input dimension n > 2, where k < 2™, and assume that the output
node is linear. Then N has VC dimension at least

] () - L))

This even holds if the weights of the output node are not adjustable.

Proof. We use Theorem [2 with h = |k/2], ¢ = [log(k/2)], and m = n —
|log(k/2)|. The condition k < 2™ guarantees that m > 1. Then there is a set of
cardinality

-3 P G))- (- b 2) )

that is shattered by the network specified in Theorem [ Since the number of
hidden nodes is h + 27 < k and the input dimension is m + ¢ = n, the network
satisfies the required conditions. Furthermore, it was shown in the proof of The-
orem [Z] that all weights of the output node can be fixed to 1. Hence, they need
not be adjustable. a
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Corollary [3] immediately implies the following statement, which gives a su-
perlinear lower bound in terms of the number of weights and the number of
hidden nodes.

Corollary 4. Consider a network N with input dimension n > 2, one hidden
layer of k binary CSRF neurons, where k < 2"/2, and a linear output node. Let
W =k(n+2)+k+1 denote the number of weights. Then N has VC dimension

at least
Wioe (5
5 2\1

This even holds if the weights of the output node are fized.

Proof. According to Corollary[3, N has VC dimension at least | k/2]-|log(k/2)]-
(n — |log(k/2)| + 1). The condition k < 2"/2 implies

4
SIGIRE

We may assume that & > 5. (The statement is trivial for k < 4.) Tt follows, using
|k/2] > (k—1)/2 and k/10 > 1/2, that

k 2k
— | >=.
HEE

(8] > ()1 - ()

Hence, N has VC dimension at least (n + 4)(k/5)log(k/4), which is at least as
large as the claimed bound (W/5)log(k/4). O

Finally, we have

In the networks considered thus far the input dimension was assumed to be
variable. It is an easy consequence of Theorem [2] that even when n is constant,
the VC dimension grows still linearly in terms of the network size.

Corollary 5. Assume that the input dimension is fized and consider a network
N with one hidden layer of binary CSRF neurons and a linear output node. Then
the VC dimension of N is 2(k) and Q(W), where k is the number of hidden
nodes and W the number of weights. This even holds in the case of fixed output
weights.

Proof. Choose m,q > 1 such that m + ¢ < n, and let h = k — 2%. Since n
is constant, hq(m + 1) is 2(k). Thus, according to Theorem ] there is a set
of cardinality £2(k) shattered by A. Since the number of weights is O(k), the
bound 2(W) also follows. O
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4 Lower Bounds for RBF and DOG Networks

In the following we present the lower bounds for networks with one hidden layer
of Gaussian radial basis function neurons and difference-of-Gaussians neurons,
respectively. We first consider the latter type.

Theorem 6. Let h,q,m > 1 be arbitrary natural numbers. Suppose N is a
network with m + q input nodes, one hidden layer of h + 2?7 DOG neurons, and

a linear output node. Then there is a set of cardinality hq(m + 1) shattered by
N.

Proof. We use ideas and results from the proof of Theorem 2l In particular, we
show that the set constructed there can be shattered by a network of new model
neurons, the so-called extended Gaussian neurons which we introduce below.
Then we demonstrate that a network of these extended Gaussian neurons can
be simulated by a network of DOG neurons, which establishes the statement of
the theorem.

We define an extended Gaussian neuron with n inputs to compute the func-
tion ¢ : R*""2 - R with

- L Ce—dPy Y
g(c,0,a,z) = rexp Tz )

where x1,...,x, are the input variables, cy,...,c,, a, and o > 0 are real-valued
parameters. Thus, the computation of an extended Gaussian neuron is performed
by scaling the output of a Gaussian RBF neuron with «, squaring the difference
to 1, and comparing this value with 1.

Let S C IR™"Y be the set of cardinality hg(m + 1) constructed in the proof
of Theorem [2l In particular, S has the form

S={siej:i=1,...,h(m+1);5=1,...,q} .

We have also defined in that proof binary CSRF neurons H}, , as hidden nodes
in terms of parameters ¢, € IR™%, which became the centers of the neurons,
and 7, € IR, which gave the center radii ay , = 7%, — v and the surround radii
gk,p = Tk,p + 7 using some « > 0. The number of hidden nodes was not larger
than h + 29. We replace the CSRF neurons by extended Gaussian neurons Gy, ,,
with parameters cy p, 0k p, 0,p defined as follows. Assume some o > 0 that will
be specified later. We let

Ck,p = Ck,p »
Okp =20 ,

=3
Qg p = €XpP ?

These hidden nodes are connected to the output node with all weights being 1.
We call this network A/ and claim that it shatters S. Consider some arbitrary



26 M. Schmitt

dichotomy (Sp, S1) of S and some s;e; € S. Then node Gy, , computes

2
2

. siej — C,

G(Chps Tkops Ok p, Si€5) = 1 — (ak,p exp (—””zpn> — 1)

Tk,p

~9 ~ 9 2
r 0.
=1- (exp <k§p> - exp (—HSleJ g%p” ) - 1)
o o
Si€j — Ck -
—1_ (exp ( || (e 7;)” k,p) _ 1) ) (10)
o

Suppose first that s;e; € Sq. It was shown by Claims[d] [2, and Blin the proof of
Theorem [2 that there is exactly one hidden node Hy , that outputs 1 on s;e;.
In particular, the proof of Claim [ established that this node satisfies

Isie; = Crpll® =74, -

Hence, according to (I0) node Gy, outputs 1. We note that this holds for all
values of o. Further, the proofs of Claims 2l and [3] yielded that those nodes Hy ,,
that output 0 on s;e; satisfy

[siej — Chpl® > Frap +7)% or |Isie; — Copll® < (Frp — )

This implies for the computation of Gy, ,, that in (I0) we can make the expression

( l[sie; — Crpll* — ﬂ?,;;)
exp | — 5
g

as close to 0 as necessary by choosing o sufficiently small. Since this does not
affect the node that outputs 1, network N’ computes a value close to 1 on s;e;.

On the other hand, for the case s;e; € Sy it was shown in Theorem Pl that all
nodes Hy, , output 0. Thus, if o is sufliciently small, each node G}, p, and hence
N, outputs a value close to 0. Hence, S is shattered by thresholding the output
of N at 1/2.

Finally, we show that S can be shattered by a network A of the same size
with DOG neurons as hidden nodes. The computation of an extended Gaussian
neuron can be rewritten as

i , o=y _)?
glc,o,a,2) =1— | aexp 2 )T
2]z — | Iz — ¢|f”
_ 2
_1—<a exp <—02 — 2aexp B — +1

—_ o2 ) 2
ey () gy ()
g g

= gDo(;(C,O‘,O'/\/i, 20,02, 1) .
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Hence, the extended Gaussian neuron is equivalent to a weighted difference of two
Gaussian neurons with center ¢, widths o, 0/v/2 and weights 2c, o2, respectively.
Thus, the extended Gaussian neurons can be replaced by the same number of
DOG neurons. O

We note that the network of extended Gaussian neurons constructed in the
previous proof has all output weights fixed, whereas the output weights of the
DOG neurons, that is, the parameters a and 3 in the notation of Section[2, are
calculated from the parameters of the extended Gaussian neurons and, therefore,
depend on the particular dichotomy to be implemented. (It is trivial for a DOG
network to have an output node with fixed weights since the DOG neurons have
built-in output weights.)

We are now able to deduce a superlinear lower bound on the VC dimension
of DOG networks.

Corollary 7. Suppose N is a network with one hidden layer of DOG neurons
and a linear output node. Let N have k hidden nodes and input dimension n > 2,
where k < 2™, Then N has VC dimension at least

2] s3] (- e )] )

Let W denote the number of weights and assume that k < 2"/2. Then the VC
dimension of N is at least

Wie (F

5 2\1

For fized input dimension the VC dimension of N is bounded by 2(k) and 2(W).

Proof. The results are implied by Theorem [f] in the same way as Corollaries B]
and [f] follow from Theorem [2 |

Finally, we have the lower bound for Gaussian RBF networks.

Theorem 8. Suppose N is a network with one hidden layer of Gaussian RBF
neurons and a linear output node. Let k be the number of hidden nodes and n
the input dimension, where n > 2 and k < 2"t1. Then N has VC dimension at

least m | Pog (DJ . (n— {log (DJ +1)

Let W denote the number of weights and assume that k < 20"2/2_ Then the
VC dimension of N is at least

W (k
12 °%\3

For fized input dimension n > 2 the VC dimension of N satisfies the bounds
Q2(k) and 2(W).
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Proof. Clearly, a DOG neuron can be simulated by two weighted Gaussian RBF
Neurons. Thus, by virtue of Theorem [6l there is a network N with m + ¢ input
nodes and one hidden layer of 2(h + 2%) Gaussian RBF neurons that shatters
some set of cardinality hg(m + 1). Choosing h = |k/4],q = |log(k/4)|, and
m =n — |log(k/4)]| we obtain similarly to Corollary [J the claimed lower bound
in terms of n and k. Furthermore, the stated bound in terms of W and k follows
by analogy to Corollary [4. The bound for fixed input dimension is obvious, as
in the proof of Corollary O

Some radial basis function networks studied theoretically or used in practice
have no adjustable width parameters (for instance in [520]). Therefore, a natural
question is whether the previous result also holds for networks with fixed width
parameters. The values of the width parameters for Theorem [] arise from the
widths of DOG neurons specified in Theorem [6l The two width parameters of
each DOG neuron have the form o and o/ V2 where o is common to all DOG
neurons and is only required to be sufficiently small. Hence, we can choose a
single o that is sufficiently small for all dichotomies to be induced. Thus, for
the RBF network we not only have that the width parameters can be fixed, but
even that there need to be only two different width values—solely depending on
the architecture and not on the particular dichotomy.

Corollary 9. Let N be a Gaussian RBF network with n input nodes and k
hidden nodes satisfying the conditions of Theorem [8. Then there exists a real
number o, 1 > 0 such that the VC dimension bounds stated in Theorem [§ hold
for N with each RBF neuron having fized width oy, or 0';.37,1/\/5.

With regard to Theorem I8 we further remark that k& has been previously es-
tablished as lower bound for RBF networks by Anthony and Holden [2]. Further,
also Theorem 19 of Lee et al. [L1] in connection with the result of Erlich et al.
[7] implies the lower bound {2(nk), and hence £2(k) for fixed input dimension.
By means of Theorem [§] we are now able to present a lower bound that is even
superlinear in k.

Corollary 10. Letn > 2 and N be the network with k = 2"+ hidden Gaussian
RBF neurons. Then N has VC dimension at least

ko (B
3 9%\3

Proof. Since k = 2"!, we may substitute n = logk — 1 in the first bound of
Theorem Bl Hence, the VC dimension of A is at least

1) [oe (5)]- (ot [ (5)]) 22 5] [0 )]

Using |k/4]| > k/6 and |log(k/4)] > log(k/8) yields the claimed bound. O
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5 Concluding Remarks

We have shown that the VC dimension of every reasonably sized one-hidden-
layer network of RBF, DOG, and binary CSRF neurons is superlinear. It is not
difficult to deduce that the bound for binary CSRF networks is asymptotically
tight. For RBF and DOG networks, however, the currently available methods
give only rise to the upper bound O(W?2k?). To narrow the gap between upper
and lower bounds for these networks is an interesting open problem.

It is also easy to obtain a linear upper bound for the single neuron in the
RBF and binary CSRF case, whereas for the DOG neuron the upper bound is
quadratic. We conjecture that also the DOG neuron has a linear VC dimension,
but the methods currently available do not seem to permit an answer.

The bounds we have derived involve constant factors that are the largest
known for any standard neural network with one hidden layer. This fact could be
evidence of the higher cooperative computational capabilities of local receptive
field neurons in comparison to other neuron types. This statement, however,
must be taken with care since the constants involved in the bounds are not yet
known to be tight.

RBF neural networks compute a particular type of kernel-based functions.
The method we have developed for obtaining the results presented here is of quite
general nature. We expect it therefore to be applicable for other kernel-based
function classes as well.
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Abstract. In this paper, we examine on-line learning problems in which
the target concept is allowed to change over time. In each trial a master
algorithm receives predictions from a large set of n experts. Its goal is to
predict almost as well as the best sequence of such experts chosen off-line
by partitioning the training sequence into k41 sections and then choosing
the best expert for each section. We build on methods developed by
Herbster and Warmuth and consider an open problem posed by Freund
where the experts in the best partition are from a small pool of size m.
Since k >> m the best expert shifts back and forth between the experts
of the small pool. We propose algorithms that solve this open problem
by mixing the past posteriors maintained by the master algorithm. We
relate the number of bits needed for encoding the best partition to the
loss bounds of the algorithms. Instead of paying logn for choosing the
best expert in each section we first pay log (:}1) bits in the bounds for
identifying the pool of m experts and then log m bits per new section. In
the bounds we also pay twice for encoding the boundaries of the sections.

1 Introduction

We consider the following standard on-line learning model in which a master
algorithm has to combine the predictions from a set of experts [I2I5J3/IT].
Learning proceeds in trials. In each trial the master receives the predictions
from n experts and uses them to form its own prediction. At the end of the
trial both the master and the experts receive the true outcome and incur a
loss measuring the discrepancy between their predictions and the outcome. The
master maintains a weight for each of its experts. The weight of an expert is
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an estimate of the “quality” of this expert’s predictions and the master forms
its prediction based on a weighted combination of the expert’s predictions. The
master updates the expert’s weights at the end of each trial based on the losses
of the experts and master.

The goal is to design weight updates that guarantee that the loss of the
master is never much larger than the loss of the best expert or the best convex
combination of the losses of the experts. So here the best expert or convex
combination serves as a comparator.

A more challenging goal is to learn well when the comparator changes over
time. So now the sequence of trials is partitioned into sections. In each section
the loss of the algorithm is compared to the loss of a particular expert and this
expert changes at the beginning of a new section. The goal of the master now
is to do almost as well as the best partition. Bounds of this type were first
investigated by Littlestone and Warmuth [12] and then studied in more detail
by Herbster and Warmuth [9] and Vovk [17]. Other work on learning in relation
to a shifting comparator but not in the expert setting appears in [210/14].

In this paper we want to model situations where the comparators are from
a small pool of m convex combinations of the n experts each represented by a
probability vector @, (1 < j <m). In the initial segment a convex combination
w1 might be the best comparator. Then at some point there is a shift and us
does well. In a third section, #; might again be best and so forth. The pool size
is small (m << n) and the best comparator switches back and forth between
the few convex combinations in the pool (m << k, where k is the number of
shifts). Of course, the convex combinations of the pool are not known to the
master algorithm.

This type of setting was popularized by an open problem posed by Yoav
Freund [5]. In his version of the problem he focused on the special case where
the pool consists of single experts (i.e. the convex combinations in the pool
are unit vectors). Thus the goal is to develop bounds for the case when the
comparator shifts back and forth within a pool of m out a much larger set of n
experts.

In [9] bounds were developed where the additional loss of the algorithm over
the loss of the best comparator partition is proportional to the number of bits
needed to encode the partition. Following this approach Freund suggests the
following additional loss bound for his open problem: log (;’L) ~ mlog ;- bits for
choosing the pool of m experts, logm bits per segment for choosing an expert
from the pool, and log (lel) ~ klog % bits for specifying the k boundaries of

the segments (where T' is the total number of trials).

In this paper we solve Freund’s open problem. Our methods build on those
developed by Herbster and Warmuth [9]. There are two types of updates: a Loss
Update followed by a Mizing Update. The Loss Update is the standard update
used for the expert setting [T2[I57JT1] in which the weights of the experts decay
exponentially with the loss. In the case of the log loss this becomes Bayes rule
for computing the posterior weights for the experts. In the new Mixing Update
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the weight vector in the next trial becomes a mixture of all the past posteriors
where the current posterior always has the largest mixture coeflicient.

The key insight of our paper is to design the mixture coefficients for the
past posteriors. In our main scheme the coefficient for the current posterior is
1 — o for some small a € [0, 1] and the coefficient for the posterior d trials in the
past is proportional to «/d. Curiously enough this scheme solves Freund’s open
problem: When the comparators are single experts then the additional loss of our
algorithms over the loss of the best comparator partition is order of the number
of bits needed to encode the partition. For this scheme all past posteriors need to
be stored requiring time and space O(nt) at trial ¢t. However, we show how this
mixing scheme can be approximated in time and space O(nlnt). The simplest
scheme has slightly weaker bounds: The coefficients of all past posteriors (there
are t of them at trial t) are a%. Now only the average of the past posteriors
needs to be maintained requiring time and space O(n).

We begin by reviewing some preliminaries about the expert setting and then
give our main algorithm in Section Bl This algorithm contains the main schemes
for choosing the mixture coefficients. In Section Hlwe prove bounds for the various
mixing schemes. In particular, we discuss the optimality of the bounds in relation
to the number of bits needed to encode the best partition. We then discuss
alternates to our main algorithm in Section B and experimentally compare the
algorithms in Section 6l We conclude with a number of open problems.

2 Preliminaries

Let T denote the number of trials and n the number of experts. We will refer
to the experts by their index ¢ € {1,...,n}. At trial t = 1,...,T, the master
receives a vector @ of n predictions, where x; ; is the prediction of the i-th expert.
The master then must produce a prediction g; and, following that, receives the
true outcome y; for trial t. We assume that z;, 9,y € [0, 1].

A loss function L : [0,1] x [0,1] — [0,00] is used to measure the discrep-
ancy between the true outcome and the predictions. Expert ¢ incurs loss L;; =
L(ys, x,;) at trial ¢ and the master algorithm A incurs loss Ly 4 = L(yt, 9t)-
For the cumulative loss over a sequence, we will use the shorthand notation
Lita= Ethl Ly a.

The weight vector maintained by the algorithm at trial ¢ is denoted by wv;.
Its elements are non-negative and sum to one, i.e. v; is in the n-dimensional
probability simplex denoted by P,,.

Based on the current weight vector v, and the experts predictions x;, the
master algorithm uses a prediction function pred : P, x [0,1]™ — [0,1] to com-
pute its prediction for trial ¢: g = pred(v:, ;). In the simplest case the pre-
diction function is an average of the experts predictions pred(v,x) = v - & (See
[11]). Refined prediction functions can be defined depending on the loss function
used [15]. The loss and prediction functions are characterized by the following
definition.
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Definition 1. ([7l16]) Let ¢,n > 0. A loss function L and prediction function
pred are (c,n)-realizable if, for any weight vector v € Py, prediction vector x
and outcome y,

L(y,pred(v,x)) < —canvie_”L(y’“) . (1)
i=1

For example, with the prediction function pred(v,x) = v - © the quadratic loss
Ly (y,9) = (y — 9)? satisfied] (@ with (c,n7) = (2,4) and the entropic loss
Lent(y,9) =yln 5 + (1 —y)In }:z satisfies (Il) with (¢, ) = (1,1).

In the remainder we will assume the loss and prediction functions that we
use are (¢, 1/c¢)-realizable so that c¢np = 1. The two examples given above satisfy
this criterion. This does not include the case of the absolute loss. However, the

results here can essentially be extended to this loss as was done in [9].

3 The Algorithms

Learning proceeds in trials. At the beginning of each trial ¢ (see Figure [I)) the
master algorithm receives the prediction vector x; from the experts and forms
is own prediction ¢;. It then receives the correct outcome y; and performs two
weight updates. The first update is the standard Loss Update which is the basis
for all the work in the expert framework [12[15]. This update, which produces
an intermediate weight vector v}*, may be seen as a generalization of Bayes rule
for updating a posterior. Indeed when y; € {0, 1}, the learning rate 7 is one and
the loss is the log loss then this update becomes Bayes rule

The Loss Update allows us to prove bounds on the loss of the master algo-
rithm in terms of the loss of the best expert [12JT5] or the best convex com-
bination @ € P, of the losses of the experts [I1]. However in this paper the
comparator convex combination is allowed to change with the trial t. Let w,
be the convex combination used in trial . The beliefs of the algorithm about
the comparator sequence are modeled with a probability distribution B¢11(.).
At the end of each trial ¢ the master algorithm might need to ”pick up” the
computation from some previous trial. For 0 < ¢ < t, let 5;41(¢q) be the coef-
ficient /probability given to weight vector v of trial ¢. Intuitively, if ¢ is the
last trial in which the comparator u;q is used then 3:11(q) should be high. In
particular, B;11(¢) should be high if the comparison vector remains unchanged,
i.e. uy = uyyp1. Also if the comparison vector u;;1 has never appeared before

L A slightly more involved prediction function shows that the quadratic loss is (%,
realizable [15].

Assume E; is the random variable naming the expert generating the label y; and
2t; = P(y: = 1|Ey = i,y+—1) then Lent(ys, x¢,:) = —In P(y¢|Ey = 4,y¢—1), i.e the
entropic loss becomes the log-loss. Now if v;; is the prior P(E; = i|y;—1) at the
beginning of trial ¢ then v;; = P(E; = i|y;). Also in this case the prediction v - @
is the mean posterior P(y: = 1l|lvi—1) and —In P(y¢|yt—1) = Lent(ys, vt - @) =
—In E:L:I vt‘ie*Lent(yt’xt,i).

2)-

2
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Parameters: 0 < n,cand 0 < a <1
Initialization: Initialize the weight to v1 = %1 and denote vy’ = %1
FOR ¢t=1TO T DO

— Prediction: After receiving the vector of experts predictions x¢, predict with
gz = pred(vt, mt) .
— Loss Update: After receiving the outcome y;, compute for 1 < i < n,

,Utyief'WLt,i

n 0L’
Zj:l Vt,j€ 7

— Mixing Update: Choose mixture coefficients B:+1(q) (¢ = 0,...,t) such that
ZZ:O Bi+1(g) = 1 and compute

t
Vg1 = Z Br+1(q)vy
q=0

m
vy = where L ; = L(ys, x+,:) -

Fig. 1. The Mixing Algorithm

then the coefficient 3;11(0) should be high because a section needs to be started
with the initial weight v{*. Thus the second update (called the Mizing Update)
“mixes” the previous weight vectors v}". In the case of log loss the update mixes
the current and the previous posteriors. However note that all posteriors are
influenced by mixing that occurred in previous trials.

The probabilities G;1+1(q) are specified by the specific mixing scheme to be
used (see Table[). The simplest case occurs when f;41(¢) = 1 and the remaining
coefficients are zero. Thus v.y; simply becomes v}*. Following [9] we call this
the Static Experts case. This choice is the setup suitable when the comparator
is the loss of a fixed expert (e.g. [I2II5]) or a fixed convex combination of the
losses of the experts [L1].

Table 1. The Mixing Schemes

Name Coefficients
Static Experts Bi+1(t) =1 and Bir1(q) =0 for 0< g <t
Fixed-Share Update Bir1(t) =1 — a and ZZ;; Bit1(q) = a
e To Start Vector Be+1(0) = a
e To Past
e Uniform Past Biy1(q) = % for 0 < g<t

e Decaying Past [(iy1(q) = e et q)n, Zt for 0 < ¢ <t,
with Zt Zq OW and’yZO
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Even in the case when shifting occurs then the largest coefficient is naturally
Bi11(t) signifying that the computation is most likely going to continue from the
weight vector at the current trial ¢. We call any update where 8;41(t) = 1 —« for
some fixed small a by the name Fized-Share Update. In contrast to the Static
Update when v,y simply becomes the current posterior v}*, each expert first
“shares” a fraction of « of its weight vf"; and the total shared weight « is then
distributed among the earlier posteriors (i.e. ZZ;B Biv1(q) =1 = Bryi1(t) = ).

In the simplest case all of the shared weight a goes to the uniform weight
vector 11 = v" leading to essentially the Fixed-Share Algorithm analyzed in [9].
The main contribution of this paper is to show that other choices of distributing
the shared weight to the past posteriors give useful bounds. A simple Choice is
the average of the past weight vectors (Uniform Past), i.e. Bi+1(q) = « ;, for
0 < ¢ < t. Instead of the average a decaying sequence of coefficients leads to
better bounds. The more recent weight vectors receive higher coefficients. In the

case of the Decaying Past mixing scheme, B;11(q) ~ o q)v, for v > 0.

4 Analysis of the Algorithms

In this paper we stress the bounds where the loss of the algorithm is compared
to some convex combination of the losses of the experts (see e.g. [11]) rather
than the loss of a single expert. Let 31(0) = 1, A(.,.) be the relative entropy
and L; be the vector of the losses L;; of the experts at trial ¢.

Lemma 1. For any trialt, any 0 < g < t—1 and any comparison vector u; € Py,

Lt,A < Lt c Ut +CA(’U,15,’U,§) — CA('U/t,’U;n)
1

Bila)

Proof. The r.h.s. of the first inequality is equal to r.h.s. of (). The second
inequality follows from the fact that v; = Zz;lo Bi(q" vy > Bi(g)vy* (Note that
“>" holds component-wise). O

< Ly -up + c A(ug, vy") — c A(ug, vy") + cln ——

4.1 Comparison to a Fixed Convex Combination

Here we consider the case when the comparison vector w; = @ remains un-
changed. We will thus use the Static Experts mixing scheme, i.e. 8;41(t) = 1
and Bry1(g) = 0 for 0 < ¢ < t. This is exactly the Static Experts Algorithm
since v}" becomes the weight vector used in the next trial, i.e. v:11 = v]*. By
summing Lemma [[] over all trials we get the following bound (see e.g. [11]).
Lemma 2. For the Mizing Algorithm with the Static Expert mixing scheme (i.e.
no mizing) and any @ € Py,

T
Liga<)y Li-ii+cAl@,v) - cAd@,vf) .

t=1
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Proof. We apply Lemma [I] to each trial ¢ = 2,...,7 and use the fact that
vy = v} ,. The sum of divergences telescopes so that only the first and last
terms remain. a

Note that the r.h.s. is the same for all w. To obtain upper bounds we often
choose a particular @ and drop the —A(@, v7) term which is always negative.
The start vector is always uniform, i.e. v; = %1. If the best expert has loss L*
and @ is the unit probability vector for this expert then A(a, %l) = Inn and
the above bound is at most L* + clnn. However if k experts have loss L* then
by choosing @ uniform over these experts (and zero on the remaining experts)
the bound becomes L* 4- cIn . This improvement was first pointed out in [12].

4.2 Comparison to a Sequence with k Shifts

Now, we consider the situation where the comparison vector u; of trial ¢ is
allowed to change/shift from trial to trial. A sequence of comparison vectors
Ul,...,ur € P, has k shifts if there is a subsequence of k trials ¢1,...,t; where
U, # wy;—1 and wy1; = wuy for all other trials ¢ > 1. We define ¢ = 1 and
tg+1 = T + 1. We now apply Lemma [I] to the case when all of the lost weight
« goes to the original posterior %1. This essentially becomes the Fixed-Share
Algorithm of [9].

Lemma 3. For the Mixing Algorithm A with the Fized-Share to the Start Vector
mizing scheme and any sequence of T comparison vectors u; with k shifts,

T k
1
Lira< E Li-ug+c E (A(Utw 51) - A(Utj’vgﬂ—l))
t=1 j=0

1

1
+ckln—+¢(T—k—1)In
o 1

Proof. We apply Lemma [ for each trial. Whenever u; = wu;_1 then we use
g=t—1land fi(t—1)=1—aq, ie.

Lai<Li-up+cAlu, v ) —cAlug,v)")+cln .
—

For the first trial we use ¢ = 0, (1(0) = 1, and v’ = %1:
1
LA71 é L1 - Ul + CA(Ul, 71) — CA(’U,h’UT) .
n

For all other beginnings of sections, i.e. the trials ¢ = ¢; (1 < j < k) we use
q=0,3,(0) =, and vJ" = 11

1 1
Lag, <Ly -ug, +cA(ug;, —1) — cA(uy,,vy") +cln — .
n J «

Now we sum over all trials. The entropy terms within the sections telescope and
only for the beginning and the end of each section a positive and a negative
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entropy term remains, respectively The beginnings of the k sections each incur
an additional term of cln =. Also T — k + 1 times u; = u;_1 and an additional
term of ¢In 1 is incurred. The initial trial (t = 1) has no additional term. O

If we restrict ourselves to the case when the comparison vectors are focused
on single experts then we essentially obtain the basic bound of [9] for the Fixed
Share to the Start Vector mixing scheme.

4.3 Comparison to a Sequence with k Shifts and a Pool of Size m

As in the previous section we let t1,...,%; be the subsequence of indices in
the sequence of comparators wy,...,ur where shifting occurs (Also to = 1,
tgr1 =T+ 1 and upyr = up). Let @q,. .., 4, be the pool of m distinct convex
combinations in {uy,,...,us, }. At trial £ = 1 a the first convex combination

from the pool is selected. At the remaining starting points u;, (1 < j < k) of
sections either a new convex combination is selected from the pool (m —1 times)
or the convex combination u;, has appeared before in {u;,,...,us_,}. In the
latter case (k—m—+1 times) the convex combination shifts back to the end of the
last section where this convex combination from the pool was the comparator.
We assume that m << k and thus most of the shifts (k + 1 —m of them) are
shift backs. Curiously enough the entropy terms for all trials belonging to the
same convex combination telescope.

Theorem 1. For the Mixing Algorithm A and for any sequence of T comparison
vectors uy with k shifts from a pool {1, ..., Uy} of m conver combinations, we

have (recall 51(0) =1)

Ly, TA<ZLt ut+CZ( u],— — A(ay, vy )—&-chnﬂt

(qe—1)
where €; is the last trial such that u; = u; and q; is the last of the trials
t,t—1,...,1 such that i1 = uq (we let gt = 0 when no such trial exists).

Proof. We apply Lemma [Tl to all trials using ¢ = ¢;_1:

Lia <Ly u+ CA(Uth"tL,l) —cA(ug,vy") +cln ; .

? Be(qe-1)

We claim that summing the above over all trials proves the theorem. First note
that the comparator remains constant within each section. So as before the
entropy terms within each section telescope and only for the beginning and end
of each section a positive and a negative entropy term remains, respectively.
Furthermore, the ending and beginning terms belonging to successive sections of
the same convex combination from the pool also telescope. So for each element
of the pool only two entropy terms survive: one for the beginning of the first
section where it appears and one for the end of its last section. More precisely, the
beginning of the first section of convex combination @; contributes A(@;, 21)
because then g;—1 = 0 by definition. Also the last trial ¢; of 4, contributes
—A(ﬁj,v?;). O
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The challenge is to design the mixing coefficients (;+1(g) so that the last sum
in the above theorem is minimized. We give some reasonable choices below and
discuss time and space trade offs.

Bound for the Fized Share to Uniform Past Mizing Scheme. Consider a mixing
scheme that equally penalizes all vectors in the past: 8;11(q) = « % (g=0.t—1).

Corollary 1. For the Mixing Algorithm A with the Fized Share to Uniform Past

mixing scheme and for any sequence of T comparison vectors us with k shifts
from a pool {tiy, ..., U} of m convex combinations, we have

L1 TA<ZLt Ut+CZ< uj,f A(ﬂj,UZ)>

+ckIn(T -1)

1
kln — T-k-1)1
+c naJrc( )n1

where £; denotes the last trial such that w; = u;.

Proof. We simply bound the last term in the inequality of Theorem [ by the
last line in the inequality above. There are T'— k — 1 trials such that u; = w;_1.
For all these trials B;(q1—1) = Bi(t — 1) = 1 — « contributing a total cost of
o(T —k—1)In 12— In all the remaining trials a section is starting. For the first
trial 81(0) =1 and no cost is incurred. For all k other trials t starting sections,
Bi(qi-1) = % Thus these trials contribute at most ckIn + S+ckn(T—1). O

Bound for the Fized Share to Decaying Past Mizing Scheme. We now show
that an improvement of the above corollary is possible by choosing G;41(q) =
t—1 1
mfor0<q<t—1 Wlcht Zqzom.
Corollary 2. For the Mizing Algorithm A with the Fized Share to Decaying
Past mizing scheme with v = 1 and for any sequence of T comparison vectors

uy with k shifts from a pool {@1, ..., U} of m convexr combinations, we have

- 1
L. TA<ZLt ut—f—cZ( u],f A(uj,v?}))—i—cklna

+CMHW

1
+e(T—k—1)In ] + ckInln(eT) ,

where £; denotes the last trial such that w; = u;.
Proof. The proof follows the proof of Corollary [l O

4.4 Relating the Bounds to the Number of Bits

In this section we assume the comparison vectors u; are unit vectors. The number
of bits (measured with respect to ¢ln instead of log) for encoding a partition with
k shifts from a pool of size m is the following:

T-1 T
cln (") +eln +clnm+ckIn(m—1) = emln 4 ekIn = +ckInm. (2)
m k m k
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The first term is for selecting the m experts of the pool, the second term for
encoding the boundaries of the k shifts and the last term for naming members
of the pool belonging to the k + 1 sections.

Now consider the following “direct” algorithm proposed by Freund. Run the
Mixing Algorithm with the Fixed Share to Start Vector mixing scheme (i.e. the
Fixed Share Algorithm of [9]) on every pool/subset of m out of the n experts.
Each run becomes an expert that feeds into the Mixing Algorithm with the Static
Expert mixing scheme. If u; is the comparator sequence of the best partition
with k shifts from a pool of m experts then the loss of this algorithm is at most
23:1 L; - us plus the number of bits (2)). However this algorithm requires (T’;‘L)n
weights which is unrealistic.

In contrast, our algorithms are efficient and the bounds are still close to
optimal. For example, if o = % then the bound of the Mixing Algorithm with
the Fixed Share to Decaying Past (y = 1) mixing scheme (see Corollary B is
the loss of the best partition plus approximately

T T
cmlnn—i—cklnE —|—ckln7m + ckInln(eT).

If we omit the last term, then this is at most twice the number of bits () and thus
we solved Freund’s open problem. Also note that the above bound is essentially
ckln % +cmInm larger than the number of bits. In the dominating first term we
are paying a second time for encoding the boundaries. The same bound with the
Uniform Past mixing scheme is not a constant times larger than the number of
bits. Thus it seems that the mixing coefficients need to decay towards the past
to obtain the best bounds.

The better Decaying Past scheme requires us to store all previous posteriors,
i.e. nt weights at trial t. However in the appendix we describe a way to approxi-
mate this scheme with O(nlogt) weights. The Uniform Past scheme only needs
to store the current and the average of the past posterior (2n weights).

5 Additional Observations

Generalized Mizing Schemes. Notice that our main result (Theorem [I) relies on
the following simple property of the Mixing Update:

Vq = 07 “e ,t : Vit+1 2 ﬁt+1(q)v;" . (3)

The following update (called Max Mizing Update) also has this property and
thus all bounds proven in the paper immediately hold for this update as well:

1 ¢ m
Vi1 = Zlgljg)( (Ber1(@ot)

where Z; is the normalization and the max is component-wise. Since max(a,b) <
a + b for positive a and b one can show that Z; < 1 and thus (3)) is satisfied.
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More generally, we can replace the maximum by other functions. For example,
for any p > 1, we can use f(a,b) = (a? +b?)'/?. Since we have a? + b < (a+b)?
for any a,b > 0, we can see the condition () will still hold.

Another possible update is to minimize the relative entropy subject to the
constraint defined by (B), i.e.

3 m
Vi1 = argver&lgpn Av,v]")
where Cy is the set of vectors satisfying (B). We call this the Projection Mix-
ing Update. Such updates have been used by Herbster and Warmuth to obtain
bounds for shifting in a regression setting [10].

Notice for all generalized mixing schemes described above we can still use
the technique sketched in the appendix for reducing the number of weights at
trial ¢ from O(nt) to O(nlogt).

Variable Share and Lazy Mixing Updates. Inspired by the Variable Share Algo-
rithm of [9] we define the following Variable Share Mixzing Update. As we shall see
in the next section this algorithm is better in the experiments than the Mixing
Update when the same mixing scheme is used.

t—1
Vet1,i = Bra ()10 + Fy Z Br+1(q)vgs
q=0

where the losses L;; must be in [0,1] and F; is a factor that assures that the
U¢4+1,; sum to one. Note that the standard Mixing update can be written as

t—1
virti = B (v + Y B (@)vy -
q=0

Thus when all L, ; are one then F; = 1 and both updates agree. Also when all L ;
are zero then F; = 0 and vy = v{" = v; which is the Static Experts Update.
This shows that the new update interpolates between the Mixing Update and
the Static Experts Update. In some sense this update uses a small loss of the
experts as an indicator that no shift is occurring.

Another such indicator is the loss of the master algorithm itself. Indeed, when
the master performs well, it is likely that no shift is occurring and there is no
need to mix the posteriors. This idea leads to the Lazy Mizing Update which
works as follows. We use a variable B; to accumulate the loss of the master
algorithm: we initialize B; to 0 and update with B;y; = B; + Ly 4. Only if
Biy1 > 1 then we perform the Mixing Update and reset By to 0.

NP-Completeness.

Theorem 2. The following off-line problem is NP-complete.

Input: A number of trials T', a number of experts n, a number of shifts k, a
pool size m, binary predictions x; ; for each expert i and trial t, and binary labels
yr for each trial t.
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Question: Is there a partition of the T trials with k shifts from a pool of m
convez combinations that has loss zero.

Proof. The problem reduces to three-dimensional matching ([6], page 221): We
have T' = 3¢ trials. Trials 1,2,...,3q correspond to the elements wi,ws,. .., w,,
T1,72,...,Tq,51,52,...,5q, respectively. Choose the z;; and y; so that each
triplet (wj, 7y, s¢) corresponds to an expert that only predicts correctly in trials
j, k+q and £+ 2q, respectively. The number of convex combinations m is ¢ and
the number of shifts &k is 3¢ — 1.

One now can now show that a partition of loss zero corresponds to a matching
and vice versa. O

6 Experiments

In this section we discuss experiments performed on artificial data. The setup is
similar to the one used in [9]. We choose the square loss as the loss function and
the simple average prediction function with ¢ = 2 and n = 1/2. We use T = 2800
trials and n = 200 experts, m = 3 of which constitute the experts (unit vectors)
in the pool {1, @2, w3 }. The predictions of the experts are generated randomly
and are always in [0, 1]. An expert from the pool has (when active) an expected
loss of 1/360 per trial while the other n—1 (non-active) experts have an expected
loss of 1/12 per trial. The sequence of comparators is @1, @, U1, Ua, U3, U1, Us
and the shifts occur every 400 trials. This means that at trials 1, t; = 401 and
ty = 2001 the three experts of the pool are introduced, while at trials 801, 1201,
1601 and 2401 we are shifting back to a previously used expert from the pool.
We considered the different mixing schemes studied in this paper when the «
parameter was set to the optimal rate % In figures 2 and Bl we plot the total
loss of the different algorithms as a function of the trial number. The top curve
is the total loss of a typical expert and the bottom curve is the total loss of the
best partition. The slope always corresponds to the loss per trial. As expected
(see Fig.[2), the Static Experts Algorithm simply learns the weight of the expert
belonging to the first section and then “gets stuck” with that expert. It has the
optimal rate of loss (slope of bottom curve) in all later segments in which the
first expert is active and the slope of the top curve in the remaining sections.
The total loss curve of the Fixed Share to Start Vector mixing scheme has a
bump at the beginning of each section but is able to recover to the optimum
slope after each shift.

The bumps in its total loss curve are roughly of equal size. However note that
the Fixed Share to Decaying Past mixing scheme is able to recover faster when
the sequence shifts back to a previously active expert from the pool. Thus in
trials 801, 1201, 1601 and 2401 the bumps in its total loss curve are smaller than
the bumps in the curve for the Fixed Share to Start Vector mixing scheme. We
also depicted the log weights maintained by the algorithms in Figure @ and these
plots support the above explanation. The log weight plot of the Fixed Share to
Decaying Past mixing scheme shows that if an expert of the pool was active
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Fig. 2. Total losses obtained by the different mixing schemes. The parameters are
T = 2800, n = 200, k = 6, m = 3 and « is tuned optimally. The numbers below the
x-axis indicate the index of the best expert in the segment.
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Fig. 4. Log weights for the different updates (top: Static Experts Algorithm, middle:
Fixed Share to Start Vector, bottom: Fixed Share to Decaying Past). The line marked
“1” depicts the log weight of expert @;. “Typical” is the log weight of an expert outside
the pool and “max others” the maximum log weight of any expert outside the pool.
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then its weight remains at an elevated level above the maximum weight of all
n — 3 experts outside the pool. From the elevated level the weight can be picked
up quickly when the same expert becomes active again. This corresponds to the
smaller bumps in the total loss curve of the Decaying Past mixing scheme for
the sections when an expert becomes active again.

In our experiments (plots not shown) the Uniform Past mixing scheme essen-
tially has the same performance as the Decaying Past mixing scheme, although
the bounds we proved for the former scheme are slightly worse than those for
the latter scheme. Similar performance was also obtained with the Max Mixing
Updates. However, as expected, we got some improvement by using the Variable
Share modification of the updated? (see Fig.[3)).

7 Conclusion

Building on the work of Herbster and Warmuth, we have shown that by mixing
the past posteriors, we can significantly reduce the cost of comparator shifts when
the comparators are from a small pool of convex combinations of the experts. We
showed that the total loss for the Fixed Share to Decaying Past mixing scheme
is at most the loss of the best partition plus the number of bits needed to encode
the best partition (including the boundaries of the sections) plus (a second time)
the number of bits needed to encode the boundaries. A good approximation of
this mixing scheme requires time and space O(nlInt) at trial ¢.

We are investigating whether the cost of paying for the boundaries a second
time can be can be reduced. However the off-line problem of finding a partition
with k shifts from a pool of m convex combinations and small loss is NP-hard.
Therefore no significant improvement of the loss bounds may be achievable with
efficient algorithms.

Another theoretical question is whether the new mixing schemes can be ex-
plained in terms of priors over partition experts. Indeed, for the Fixed Share
Algorithm of [9] (called Fixed Share to Start Vector mixing scheme in this pa-
per) it has been proven [I7]8] that using one weight per partition gives an update
that collapses to the latter efficient algorithm.

The mixing schemes we propose can be extended in various ways. For example
one could cluster the past weight vectors in order to limit the number of weights
to be stored and to improve the identification of the convex combinations in
the best comparator sequence. Also, one could incorporate prior and on-line
knowledge about how the best convex combination is changing into the mixing
schemes.

Another open question is whether the parameters «, v, and (in the case of
absolute loss) 1 can be tuned on-line using techniques from on-line learning [4]
1] and universal coding [I8[13]. Finally, following [9], slightly improved upper
bounds should be obtainable for the Variable Share modification of the updates
when the losses of the experts lie in [0, 1]. Also it should be possible to formally

3 Note that for our experiment the losses of the expert lie in [0, 1].
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prove lower bounds on the loss of any on-line algorithm in terms of the number
of bits needed to encode the partition.
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Appendix: Keeping the Number of Weights Small

For the Fixed Share to Uniform Past mixing scheme it suffices to store the
average of the past vectors vy (for 0 < ¢ < t), that is,

V41 = (1 — Ol)”U:n + ars ,
where the average r; is computed via

(t—Dre + o

Tt+1 = 7

The Fixed Share Update to Decaying Past mixing scheme has slightly better
bounds but now all past weight vectors need to be stored and thus the number
of weights at trial ¢ is O(nt). However, we will sketch an approximate version of
this update which has essentially the same bound while requiring only O(nInt)
weights to be stored.

In the case of the Uniform Past mixing scheme all past weight vectors have
the same coeflicient and thus can be collapsed into an average weight vector. For
the best bounds we need some decaying towards the past. However the value
of the coefficients for the past posteriors only enters logarithmically into the
bounds. So we can group past posteriors into large blocks. For each block we
only keep the average weight vector and the mixture coefficient for the whole
block is the smallest mixture coeflicient of all vectors in the block.

We maintain a linked list of blocks whose lengths are powers of 2. This list
contains at most two blocks for each power of 2 and at least one block for each
power (up to the maximal power). For each block only the average weight vector
is stored. Each time a new weight vector is added, a new block with power zero
is created and added to the end of the list. If there are already three blocks
of power 0, then the previous two blocks of power 0 are collapsed into a block
with power 1. The algorithm proceeds down the list. If a third block of power
q is created, then the previous two are collapsed into a block of power ¢ + 1.
Whenever two blocks are collapsed, their weight vectors are averaged.

It can be proven that the maximum number of nodes in the list is 1+2|logt].
Also the cost per boundary in Theorem [ is In m and when applying the
above method to the Decaying Past mixing scheme this cost is increased by at
most yeln 2.
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1 Introduction

We begin by describing an abstract sequential decision problem and a general
strategy to solve it. As we will see in detail in the subsequent sections, several
previously known algorithms for more specific decision problems turn out to be
special cases of this strategy.

The problem is parametrized by a decision space X, by an outcome space ),
and by a convex and twice differentiable potential function @ : RY — IRT. At
each step t = 1,2, ..., the current state is represented by a point R;_; € RY,
where Ry = 0. The decision maker observes a vector-valued drift function r; :
X xY — RY and selects an element y: from the decision space X. In return,
an outcome y; € ) is received, and the new state of the problem is the “drifted
point” Ry = Ry_1 +7¢(yt, y:). The goal of the decision maker is to minimize the
potential @(R;) for a given ¢ (which might be known or unknown to the decision
maker).

Ezxample 1. Consider an on-line prediction problem in the experts’ framework
of [M]. Here, the decision maker is a predictor whose goal is to forecast a hidden

sequence ¥i, s, ... of elements in the outcome space ). At each time ¢, the
predictor computes its guess 7; € X for the next outcome y;. This guess is based
on the advice fi4,..., fn+ € & of N reference predictors, or experts from a fixed

pool. The guesses of the predictor and the experts are then individually scored
using a loss function £ : X x Y — IR. The predictor’s goal is to keep as small
as possible the cumulative regret with respect to each expert. This quantity is
defined, for expert 7, by the sum

> (UGarys) = U firers) -

s=1

This can be easily modeled within our abstract decision problem by associating
a coordinate to each expert and by defining the components 7;; of the drift
function v by r; +(Ue, yt) = £(Ue, yt) — €(fie,ye) fori=1,...  N.

In this work, we will restrict our attention to instances of our abstract decision
problem satisfying the following two assumptions. The notation w - v stands for
the inner product of two vectors defined by u - v = ujv; + ... + uyvn.

1. Generalized Blackwell’s condition. At each time ¢, a decision §; € X
exists such that

sup VO(R;_1) - m¢(Gs,y) <0, (1)
Yyt €Y

2. Additive potential. The potential ¢ can be written as &(u) = Zi\;l o(u;)
forallu = (uy,...,un) € RY, where ¢ : IR — IR" is a nonnegative function

of one variable. Typically, ¢ will be monotonically increasing and convex on
R*.
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Remark 2. Strategies satisfying condition tend to keep the point R; as close
as possible to the minimum of the potential by forcing the drift vector to point
away from the gradient of the current potential. This gradient descent approach
to sequential decision problems is not new. A prominent example of a decision
strategy of this type is the one used by Blackwell to prove his celebrated ap-
proachability theorem [1], generalizing to vector-valued payoffs von Neumann’s
minimax theorem. The application of Blackwell’s strategy to sequential decision
problems, and its generalization to arbitrary potentials, is due to a series of pa-
pers by Hart and Mas-Colell [18] [19], where condition (1) was first introduced
(though in a somewhat more restricted context). Condition () has been inde-
pendently introduced by Grove, Littlestone and Schuurmans [15], who used it to
define and analyze a new family of algorithms for solving on-line binary classifi-
cation problems. This family includes, as special cases, the Perceptron [25] and
the zero-threshold Winnow algorithm [23]. Finally, our abstract decision prob-
lem bears some similarities with Schapire’s drifting game [26] (discussed in the
full paper).

2 General Bounds

In this section we describe a general upper bound on the potential of the location
reached by the drifting point when the decision maker uses a strategy satisfying
condition (). This result is inspired by, and partially builds on, Hart and Mas-
Colell’s analysis of their A-strategies [I8] for playing iterated games and Grove
et al’s analysis of quasi-additive algorithms [I5] for binary classification.
Theorem 3. Let @ be a twice differentiable additive potential function and let
T1,T2,... € RY be such that

V@(Rt_l) ry < 0

for allt > 1, where Ry =11 + ...+ 7. Let f : RT — IRY be an increasing,
concave, and twice differentiable auxiliary function such that, for allt =1,2,...,

sup f( Zﬁf)// u)r C(ry)

ueRYN

for some nonegative function C : R™ — RT. Then, for allt=1,2,...,

f@R)) < f(@ Zcrs

Proof. We estimate f(P(R;)) in terms of f (P(R;—1)) using Taylor’s theorem.
Note that Vf(P(Ri-1)) = [ (P(R4—1))VP(R;_1). So we obtain

F(@(R)) = f(B(Ry1 +71))
= F@(Ri1)) + ' (B(Ry-1)) V(BRir)) 70+ Z Z 9*f( 3 €

24

(where £ is some vector between R;_; and R;)
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T trj t

1\3\'—‘

N N
< f(P(Ri-1)) ZZ ulau]

=1 §

where the inequality follows by () and the fact that f’ > 0. Since @ is additive,
straightforward calculation shows that

0% f
Z Z (9u16u

=1 j5=1

TitTj,t

N

))ZZ & (E)riarie + 1 (D(€) Y ¢" (&),

i=1

N
) (Z ¢’(£i)n,t> +f(28) Y ¢" ()i

i=1
N
) Z(ﬁ//(fi)rit (since f is concave)

< C(ry)

where at the last step we used the hypothesis of the theorem. Thus, we have
obtained f(®(R;)) < f(P(Ri—1)) + C(r:)/2. The proof is finished by iterating
the argument. a

In what follows, we will often write r; instead of r¢(¥;,y:) when y; and y; are
taken as arbitrary elements of, respectively, X and ). Moreover, we will always
use R; to denote r1(y1,y1) + ... + 7+ (Us, yt)-

We now review two simple apphcatlons of Theorem Bl The first is for poly-
nomial potential functions. For p > 1, define the p-norm of a vector u by

N 1/p
Jul, - (z w) |
=1

Corollary 4. Assume that a prediction algorithm satisfies condition (1) with

the potential function
N
u) = |ul” (2)
i=1

where p > 2. Then

¢
)2/ 2
B(R)YP < (p—1) § :||rs||,, and  max Ri; <, |(p—1) E_l [

Proof. Apply Theorem Bl with f(z) = 2%/? and ¢(x) = |z|P. By straightforward

calculation,
2

’ _
F@) =
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On the other hand, since ¢”(z) = p(p — 1)|z|P~2, by Hélder’s inequality,

N N
Z qb”(ui)rit =p(p—1) Z |u’i|p_2ri2,t
i=1 i=1
N (p—2)/p N 2/p
<pl(p-1) (Z (|ui|p—2)P/(P—2)> <Z 7nm|p> )
i=1 i=1
Thus,

N N 2/p
fH (@)Y ¢" ()i, < (p—1) (Z ml”) :

i=1 i=1

The conditions of Theorem Blare then satisfied with C(r;) = (p—1) ||rt||127. Since
$(0) = 0, Theorem [ implies the result. O

Another simple and important choice for the potential function is the exponential
potential, treated in the next corollary.

Corollary 5. Assume that a prediction algorithm satisfies condition (1) with

the potential function
N

Du) = ™, 3)

i=1

where n > 0 is a parameter. Then
t
11145(R,5)§ln]\7—|—77 Z max 72

and

Proof. Choosing f(x) = (1/n)Inz and ¢(z) = €"*, the conditions of Theorem Bl
are satisfied with C(r;) = nmaxj<i<ny r7,. Using #(0) = N then yields the
result. O

Remark 6. The polynomial potential was considered in [I§] and, in the context
of binary classification, in [I5], where it was used to define the p-norm Percep-
tron. In game theory, the exponential potential is viewed as a form of smooth
fictitious play (in fictitious play, the player chooses the pure strategy that is
best given the past distribution of the adversary’s plays; smoothing this choice
amounts to introduce randomization). In learning theory, algorithms based on
the exponential potential have been intensively studied and applied to a variety
of problems (see, e.g., [4,[8, 28, 29]).
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If 7, € [~1,1]" for all ¢, then the choice p = 2In N for the polynomial
potential yields the bound

A

: N 1/InN
_ |2In N
1I<nza<>§VR” <4|(2InN -1) Zl <Zl|uZ >
s= i=

\/(2111]\7— )NV Nt = /(2In N — 1)et

IN

(This choice of p was also suggested in [13] in the context of p-norm perceptron
algorithms.) A similar bound can be obtained, under the same assumption on
the r4’s, by setting n = /21In N/t in the exponential potential. Note that this
tuning of 7 requires knowledge of the horizon t.

3 Weighted Average Predictors

In this section, we consider one of the main applications of the potential-based
strategy induced by the generalized Blackwell condition, that is, the experts’
framework mentioned in Section[Il. Recall that, in this framework, the i-th com-
ponent of the drift vector at time ¢ takes the form of a regret

Ti,t@uyt) = g@t,yt) - E(fi,ta yt)

where £(:,y:) is the loss of the predictor and £(f; ¢, y:) is the loss of the i-th
expert. Denote d®(u)/du; by V;®(u) and assume V;®(u) > 0 for all u € RY.
A remarkable fact in this application is that, if X' is a convex subset of a vector
space and the loss function /¢ is convex in its first component, then a predictor
satisfying condition () is always obtained by averaging the experts’ predictions
weighted by the normalized potential gradient. Indeed, note that condition ([
is equivalent to

Soivy Vib(Re—1)l(fie,y)
Z] 1 ViP(R—1)

Vyel) L@yy) < (4)

Now by convexity of £, we have that () is implied by

N
(Vyey) a@w)§£<zhdvﬂ%3tﬁﬁ¢w>

Z;’V:I Vj@(Rtfl)

which is clearly satisfied by choosing

o XL V(R i
E;'V:l vj@(Rtfl)

<
o~
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Ezxample 7. Consider the exponential potential function of Corollary Bl In this
case, the weighted average predictor described above simplifies to

Sy exp (00 (€ vs) = U fisr0)) ) fre
Sy e (1200 (UG vs) — U fissns)
S exp (=0 0 U s ws) ) fin
SN e (S )

This is the well-known Weighted Majority predictor of [22], and Corollary Bl
recovers, up to constant factors, previously known performance bounds (see,
e.g., [3]). Similarly, Corollary [4l may be used to derive performance bounds for
the predictor

Jr =

()

S max {0, S0 (G ve) — Winwe) ) o
Zj\il max {07 Ei;ll (e(@\sa ys) - é(fi,s: ys))}pil

~

Yyt =

(6)

based on a slight modification of the polynomial potential (2.
These results are summarized as follows.

Corollary 8. Assume that the decision space X is a conver subset of a vector
space and let ¢ be a loss function which is convex in its first component and
bounded between 0 and 1. Then the exponential weighted average predictor (3])

with parameter n = 1/21n N/t satisfies, for all sequences y1,ya, . . .,

t t
N _
D UG ys) < i:r}}}{l,Nzﬂ(fz,s,ys) + V2t N,

s=1 s=1

and the polynomial weighted average predictor (6l) with parameter p = 2In N
satisfies, for all sequences y1,ya, ...,

t t

Y UGorys) < min > U(fieys) + /12N — 1) .

i=1 N
s=1 s=1

yeeny

The beauty of the Weighted Majority predictor of Corollary Bl is that it only
depends on the past performance of the experts, whereas the predictions made
using polynomial (and other general) potentials depend on the past predictions
Us, s < t as well.

Remark 9. In some cases Theorem[3 gives suboptimal bounds. In fact, the argu-
ments of Theorem [3] use Taylor’s theorem to bound the increase of the potential
function. However, in some situations the value of the potential function is actu-
ally nonincreasing. The following property is proven by repeating an argument
of Kivinen and Warmuth [20].
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Proposition 10. Consider the weighted majority predictor (8). If the loss func-
tion £ is such that the function F(z) = e~"(*¥) is concave for all y € Y, then
forallt > 1, &(R;) < &(0) where P is the exponential potential function (). In
particular, since @(0) = N, we have max;=1, .y Rt <In(N)/n.

Proof. 1t suffices to show that &(R;) < #(R;_1) or, equivalently, that

N t—1 N t—1
Zexp (‘ﬂZ“fi,sv%)) @t y) —E(fieyr)) < Zexp <_n2g(fi’s’ys)> ,
=1 s=1 s=1

=1

.....

which, denoting w; ;—1 = exp (—77 Ei;ll U fis, ys)), may be written as

N —nl(f,
S Wwig—1e" (fi,6:9¢)

Zﬁl Wi t—1

e—ﬁé(ﬂt,yt) >

But since 3; = Zivzl wi’t,lfi’t/ Zfil wj t—1, this follows by the concavity of
F(z) and Jensen’s inequality. O

Simple and common examples of loss functions satisfying the concavity as-
sumption of the proposition include the squared loss £(z,y) = (z — y)? for
X =Y =10,1] with n = 1/2 and the logarithmic loss with n = 1. For more
information on this type of prediction problems we refer to Vovk [30], Haussler,
Kivinen, and Warmuth [17] and Kivinen and Warmuth [20]. Observe that the
proof of the proposition does not make explicit use of the generalized Blackwell
condition.

4 The Quasi-Additive Algorithm

In this section, we show that the quasi-additive algorithm of Grove, Littlestone
and Schuurmans (whose specific instances are the p-norm Perceptron [13|[15], the
classical Perceptron [2}, [24, 25], and the zero-threshold Winnow algorithm [23])
is a special case of our general decision strategy. Then, we derive performance
bounds as corollaries of our Theorem [3]

We recall that the quasi-additive algorithm performs binary classification of
attribute vectors & = (z1,...,zyx) € IRY by incrementally adjusting a vector
w € RY of weights. If w, is the weight vector before observing the ¢-th attribute
vector x¢, then the quasi-additive algorithm predicts the unknown label y; €
{—1,1} of x; with the thresholded linear function y: = SGN(x; - wy). If the
correct label y; is different from 7, then the weight vector is updated, and the
precise way this update occurs distinguishes the various instances of the quasi-
additive algorithm.

To fit and analyze the quasi-additive algorithm in our framework, we spe-
cialize the abstract decision problem of Section [ as follows. The decision space
X and the outcome space ) are both set equal to {—1,1}. The drift vector at
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time ¢ is the function r+(gs, y¢) = ]l{yt#;t}ytwt where 1) is the indicator func-
tion of event E. Instances of the quasi-additive algorithm are parametrized by
a potential function @ and use the gradient of the current potential as weight
vector, that is, w; = V&(R;_1). Hence, the weight update is defined by

Wiy = VO (VD) (wy) + 1)

where (V®)~1, when it exists, is the functional inverse of V&. We now check
that condition () is satisfied. If §; = y¢, then 7¢(%:, y:) = 0 and the condition is
satisfied. Otherwise, ry - VO(R;_1) = ]l{yﬁé;\t}yt:vt -w; < 0, and the condition is
satisfied in this case as well.

In the rest of this section, we denote by M; = 22:1 ]l{yﬁégt}
of mistakes made by the specific quasi-additive algorithm being considered.

the total number

4.1 The p-Norm Perceptron

As defined in [T5], the p-norm Perceptron uses the polynomial potential ). We
now derive a generalization of the Perceptron convergence theorem [2, 24] (a
version slightly stronger than ours was proven in [13]).

Fix vo € R" and v > 0. For an arbitrary sequence (x1,y1), ..., (€, y;)
of labeled attribute vectors, let D; = 22:1 max{0,7 — y:@; - vo} be the total
deviation [9, 13} [T4] of vy with respect to margin v > 0. Each term in the
sum defining D; tells whether, and by how much, the linear threshold classifier
based on weight vector vy missed to classify, to within a certain margin, the
corresponding example. Thus D; measures a notion of loss, called hinge loss
n [I4], different from the number of misclassifications, associated to the weight
vector vg.

Corollary 11. Let (x1,y1), (€2,12),... € RY x {—=1,1} be any sequence of la-
beled attribute vectors. Then the number My of mistakes made by the p-norm
Perceptron on a prefiz of arbitrary length t of this sequence such that ||z, < X,
for some X, and for all s <t is at most

2

_ —1)2X4 4+ 4(p — 1)yD, X2

MtSDter 1/X, N (p— 12X, +4(p — 1)yD X3
¥ 2 ¥ 4yt

where Dy is the deviation of vy with respect to margin v for any vy of unit
g-norm (q being the dual norm of p) and any v > 0.

Proof. Corollary Hland the bound on [[z||, implies that HRtHz?) < (p—1)X2M,.
On the other hand, let vy € RY be any vector such that |voll, = 1. Then

|R¢[|, > Ri-vo (by Holder’s inequality)
=Ry -vo+ 1 ooy - vo
2Ry v+ 1, o0 (y—di)
=--- >yM;—D; .
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Piecing together the two inequalities, and solving the resulting equation for
My, yields the desired result. O

4.2 Zero-Threshold Winnow

The zero-threshold Winnow algorithm uses the exponential potential [3). As
we did for the p-norm Perceptron, we derive as a corollary (proof shown in
the appendix) a robust version of the bound shown by Grove, Littlestone and
Schuurmans [I5]. Let D; be the same as in Corollary [Tl

Corollary 12. Let (x1,y1), (€2,¥2),... € RY x {=1,1} be any sequence of la-
beled attribute vectors. On a prefiz of arbitrary length t of this sequence such
that

sl < Xoo  for some X and for all s <,

L > D¢/y  for some probability vector vy and for some L,~ > 0,
the number My of mistakes made by zero-threshold Winnow tuned with
v/(X%) i L<2(Xoo/7)’InN

n= 2In N

otherwise
X2 L

is at most 6 (Xoo/y)°In N if L < 2(Xso/7)2In N, and at most
D X\ X\
=+ \/2L (m) In N +2 (W) N .
Y Y Y

Remark 13. Performance bounds similar to those shown in this section and in
Section Bl can be obtained, for the same algorithms, via an analysis based on
the Bregman divergence of @. Though Bregman divergences are a very versatile
tool [13], their applicability seems to be limited to weighted average predictors
(and to certain losses only). Hence, it is an interesting open problem to under-
stand whether more complex predictors, like the ones analyzed in the Section [6]
could be analyzed in this way.

otherwise.

5 Boosting

Boosting algorithms for {—1,1} classification problems receive in input a labeled
sample (vy,¢1),...,(vn,€n) €V x {—1,1}, where V is a generic instance space,

and return classifiers of the form SGN (Zi:l ashs> , where a; € IR and the

functions hy : V — [—1, 1] belong to a fixed hypothesis space H. In the boosting
by resampling schema, the classifier is built incrementally: at each step ¢, the
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booster weighs the sample and calls an oracle (the so-called weak learner) that
returns some h; € H. Then the booster chooses a; based on the performance of
h: on the weighted sample and adds a;h; to the thresholded sum. Boosting by
resampling can be easily fitted in our framework by letting, at each round ¢, oy
be the decision maker’s choice (¥ = IR) and h; be the outcome (Y = H). The
drift function r; is defined by 7; (o, hy) = —aglihy(v;) for each i = 1,..., N,
and condition ([I)) takes the form
N
VQ(Rt_l) Ty = —O Z&ht(vi)vi@(Rt_l) S 0

i=1

Define Zf\il Lihy(v;)V;@(R;_1) as the weighted functional margin of h;, denoted
by m(h:). We see that () corresponds to azm(h;) > 0. Freund and Schapire’s
AdaBoost [8] is a special case of this schema where the potential is exponential
and oy is chosen in a way such that () is satisfied. We recover (to within con-
stants) the known bound on the accuracy of the classifier output by AdaBoost
as a special case of our main result.

Corollary 14. For every training set (v1,£1),...,(vn,fn) € V x {—1,1}, and
for every sequence hy, ha, ... of functions hy : V — [—1,1], if @ is the exponential

potential (Q) with n =1, then the classifier f = SGN (Zi:l &shs> achieves

1 & L
N Z ]l{f(m);ﬁ&} < exp ( Z Za >
s=1

i=1

where as = m(h <2Zexp i i— 1)

Proof. The result does not follow directly from Corollary Bl We need to slightly
modify the proof of Theorem Blwhen the negative term f/'(P(R;—1))VP(R;:_1) 14
was dropped. Here, that term is —a;m(h:)/ (Zf\;l exp(Ri,t,l)), where

N
m(hy) = Z&ht(vi)exp(Ri,t,l) )

i=1

Keeping this term around, and noting that C(r;) < o, we can choose oy = &
and, proceeding as in the proof of Corollary[H, obtain

Ry
Ind(R;) <InN — ZZQQ

s=1

By rearranging and exponentiating we get

O(R)) N
N gexp<4s;as .

As, for the exponential potential, #(R;)/N upper bounds the fraction of mis-
classified examples, we get the desired result. a
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6 Potential-Based Algorithms in Game Theory

Our abstract decision problem can be applied to the problem of playing repeated
games. Consider a game between a player and an adversary. At each round of
the game, the player chooses an action (or pure strategy) i € {1,...,m} and,
independently, the adversary chooses an action y € ). The player’s loss L(i,y)
is the value of a loss function L : {1,...,m} x ¥ — IR, where L(i,y) < M for
some M < oo and for all (i,y) € {1,...,m} x Y. Now suppose that, at the ¢-th
round of the game, the player chooses an action according to the mixed strategy
(i-e., probability distribution over actions) p, = (p1,¢, - - -, Pm,¢), and suppose the
adversary chooses action y € ). Then the regret for the player is the vector
ry € R™, whose j-th component is

rie@ey) = > v (Lk,y) — L(j,y)) - (7)
k=1

This quantity measures the expected change in the player loss if it were to
deterministically choose action k, and the adversary did not change his action.
A player is Hannan consistent [16] if the per-round regret vector R;/t = (r1 +
...+ r¢)/t converges to the zero vector as t grows to infinity.

Our general decision strategy can be used to play repeated games of this
type by letting the decision space X be the set of distributions on the player set
{1,...,m} of actions and the drift vector be the regret vector (). It is not hard
to see that, in this setting, condition () yields the mixed strategy p, defined,
for V& > 0, by
B ViP(Ri_1)

Z;cnzl Vi ®(R-1) .

Freund and Schapire’s Hedge algorithm [§] and the strategy in Blackwell’s proof
of the approachability theorem are special cases of (§) for, respectively, the ex-
ponential potential (@) and the polynomial potential () with p = 2. Hart and
Mas-Colell [18] characterize the whole class of potentials for which condition ()
yields a Hannan consistent player.

(®)

Pit

Remark 15. Freund and Schapire [10] discuss a more general setup where the
game is defined by an N X M loss matrix S of entries in [0,1]. In each
round ¢ the row player chooses a row of M according to a mixed strategy
p; = (p14,-..,pN,) and the column player chooses a column of M accord-
ing to the mixed strategy g, = (qi,,...,qum,¢). The row player’s loss at time
tis S(ps,q,) = Zf;l Zj]\/ilpi,t%,ts(i,j) and its goal is to achieve a cumula-
tive loss Y!_, S(p;,q,) almost as small as the cumulative loss of the best fixed
mixed strategy min,, 22:1 S(p, q,). Freund and Schapire introduce an algorithm
MW and show that it achieves the desired goal. They also provide finite-sample
bounds for the cumulative loss of their algorithm and show that it is, in a certain
sense, optimal. Defining the regret r;, = S(p;,q,) — S(i,q,) it is easy to show
that the MW algorithm satisfies condition () with the exponential potential.



60 N. Cesa-Bianchi and G. Lugosi

Also, it is easy to see that the bound in [10] follows from Corollary [l together
with the log-sum inequality used as in the proof of Corollary

6.1 Generalized Regret in Learning with Experts

In this section we will consider a more general notion of regret, which we call
“generalized regret”, introduced in [21]. As we will see, generalized regret has
several other notions of regret, such as those defined in [12],[6], as special cases.
According to our definition, a repeated game can be viewed as an on-line predic-
tion problem with a randomized predictor. Hence, we can use generalized regret
to analyze such on-line prediction problems. Consider the prediction with ex-
perts framework, where f14,..., fn: € {1,...,m} denote the predictions of the
experts at time t. For each expert ¢ = 1,..., N, define an activation function
A {1,...,m} x N — {0,1}. The activation function determines whether the
corresponding expert is active at the current prediction step. At each time in-
stant t, the values A;(k,t),i=1,...,N, k=1,...,m of the activation function
are revealed to the predictor who then decides on his guess p, = (P14, - - - Dm,t)-
Define the generalized regret of a randomized predictor with respect to expert i
at round ¢ by

Tit(Pe,Y) ZpktA (k1) (L(k,y) = L(fit,y)) - 9)

Hence, the generalized regret with respect to expert ¢ is nonzero only if expert ¢
is active, and the expert is active based on the current step ¢ and, possibly, on
the predictor’s guess k. Variants of the learning with experts framework, such as
“shifting experts” or the more general “specialists” [11] can be analyzed using
generalized regret.

Ezample 16. An important special case of the generalized regret (@) is the so-
called “internal” or “conditional” regret [19] (see also [7] for a survey). In this
case the N = m(m — 1) experts are labeled by pairs (4,7) for i # j. Expert
(i,7) predicts always i, that is, f(; ;). = i for all ¢, and it is active only when
the predictor’s guess is j, that is, Ay ;y(k,t) = 1 if and only if & = j. Thus,
component (4,5) of the generalized regret vector r,(p,,y) € R" becomes

7.5y (P> y) = pi (L, y) — L(i,y)) -

Hence, the cumulative internal regret with respect to expert (i,j), R )¢ =
T(ij),1 T --- + T(,j)e, may be interpreted as the regret the predictor feels of
not having predicted ¢ each time he predicted j. It is easy to see that this
notion of regret is stronger than the usual regret (7). Indeed, assume that
max{0, R(; j):} < a; = o(t) for all possible pairs (i,7) and for some sequence
a; > 0,t > 1. Let k € {1,...,m} be the action with minimal cumulative loss,
that is, >.'_, L(k,ys) = minj<icm >o_, L(i,ys). Then the cumulative regret
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based on (@) is just

Z ij tL ] ys - L(kays) = ZR(k,j),t < mag = O(t) .

s=1 \j=1 j=1

Thus, small cumulative internal regret implies small cumulative regret of the
form considered in the experts’ framework. On the other hand, it is easy to
show by example that, for m > 3, small cumulative regret does not imply small
internal regret.

We now state the extension of () to generalized regret. The proof, which we
relegate to the appendix, is a generalization of a proof contained in [19].

Theorem 17. Consider an abstract decision problem with drift function (9) and
potential @, where V® > 0. Then a randomized predictor satisfying condition ()
18 defined by the unique solution to the set of m linear equations

S P Somy Ugg ok Aslot) Vid(Ry1)
SN Ak, t) V(R

Pkt =

As an example, we may apply Theorem [[7]to the internal regret with exponential
potential.

Corollary 18. If the randomized predictor of Theorem[I7 is run with the ex-
ponential potential {3) and parameter n = \/4lnm/t, then for all sequences
Y1, Y2, ... € Y its internal regret satisfies

mz}ch(jyk)yt <2vtlnm .
Js

For large values of m this bound is a significant improvement on the bound
O(v/tm), obtainable with the polynomial potential (with p = 2) used by Hart
and Mas-Colell to show that max; x R(; )+ = o(t).

Appendix

Proof of Theorem [I71 We write condition () as follows:

V@(Rtfl) T

N m
= Z vié(Rtfl) Zpk,tAi(lﬁ t) [L(k% il/t) - L(fi,ta yt)]

m m N
= ZZZH{JM—J}V P(Ry—1)pk, Ai(k, t) [L(k, ye) — L(fi, yt)]

b
Il
-
-
Il
-

I

NER
NE
WE

Uy =3 Vi®@(Ri—1)prt Ai(k, t) LK, yy)

=~
Il
i

<.
Il
_
.
Il
_
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Since the L(k,y;) are arbitrary and nonnegative, the above is implied by

N m N
Z Vi@(Rt,l)pk7tAi(k,t) — Z Z _ﬂ{fl t_k}v @ Rt l)p] tA (]a ) < 0 (10)

i=1 j=11i=1

for each k =1,...,m. Solving for pj ; yields the result.
We now check that such a predictor always exists. Let M be the (m x m)
matrix whose entries are

M, — iy g =iy Vi@ (R 1) Ai(G, ) .
! Sy ViB(Ry1) As(k, )

Then condition (1) is implied by Mp = p. As VP > 0, M is nonnegative, and
thus the eigenvector equation Mp = p has a positive solution by the Perron-
Frobenius theorem [27].

Proof of Corollary M2 Corollary[Himplies In ®(R;) < In N +(n?/2) X% M,. To
obtain a lower bound on In $(R;), consider any vector vy of convex coefficients.
Then we use the well-known “log sum inequality” (see [5, page 29]) which implies
that, for any vectors u,v € RY of nonnegative numbers with Zf\il v; =1,

N N
anui > Zvilnui + H(v) ,
i=1 i=1

where H(v) = — Zil v; Inv; is the entropy of v. Therefore, for any vector vg
of convex coefficients such that ysvg-axs >y forall s=1,... ¢,

N
In@(R;) =InY "t > nRy - vy + H(vo) > 1 (yM; — Dy) + H(wo)
=1
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where in the last step we proceeded just like in the proof of Corollary [11l Putting
the upper and lower bounds for In ®(R;) together we obtain

1 (YMy — Dy) + H(vo) <In N + (0 /2) X3 M,

which, dropping the positive term H (vg), implies
X2 D InN
Mt(_nw>§t+n_ (11)
2 v Yooy

We prove only the case L > 2(X./v)?InN. Letting 8 = (nX2)/(2v), and
verifying that 8 < 1, we may rearrange (II]) as follows

1 D 1/ X.\2
M, < —— t+(°°) In N
1-8\ v 28\ ~»
_|_

D, 1 D, 14
< - -t i h set A = (X 21 N
<3 = <ﬂ’y+ﬂ2> where we se (Xoo/7)*In
D 1 1A
<Py 3 (BL+52> since L > D;/~ by hypothesis

£l
D V2AL
=~y 1-/4/@2L)

§&+V2AL+2A
g

since 8 = 1/(Av)/(2L) by our choice of 7

whenever L > 2A, which holds by hypothesis.
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Abstract. In this paper, we study a class of sample dependent convex
optimization problems, and derive a general sequential approximation
bound for their solutions. This analysis is closely related to the regret
bound framework in online learning. However we apply it to batch learn-
ing algorithms instead of online stochastic gradient decent methods. Ap-
plications of this analysis in some classification and regression problems
will be illustrated.

1 Introduction

An important aspect of a machine learning algorithm is its generalization ability.
In the batch learning framework, an algorithm obtains a hypothesis from a finite
number of training data. The generalization ability is measured by the accuracy
of the learned hypothesis when it is tested on some previously unobserved data.

A popular method to derive generalization bounds is the so-called Vapnik-
Chervonenkis (VC) style analysis [TT]. This method depends on the uniform
convergence of observed errors of the hypothesis family to their true errors.
The rate of uniform convergence depends on an estimate of certain sample-
dependent covering numbers (growth numbers) for the underlying hypothesis
family. Although this framework is quite general and powerful, it also has many
disadvantages. For example, the derived generalization bounds are often very
loose.

Because of various disadvantages of VC analysis, other methods to estimate
generalization performance have been introduced. In this paper, we propose a
new style of analysis that is suitable for certain sample dependent convex opti-
mization problems. This type of bounds are closely related to the leave-one-out
analysis, which has received much attention recently. For example, see [3J7ST3]
and some references therein. However, instead of estimating the leave-one-out
cross-validation error, we estimate the convergence of the estimated parameter
averaged over a sequence of data. This is closely related to the online regret
bound framework (for example, see [119]). However, we study the learning prob-
lems in batch setting. Another important technical difference is that since an

D. Helmbold and B. Williamson (Eds.): COLT/EuroCOLT 2001, LNAT 2111, pp. 65-[81 2001.
© Springer-Verlag Berlin Heidelberg 2001
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explicit regularization condition is used in a batch-form sample-dependent op-
timization formulation, we can avoid the limitation of “matching loss” and the
“learning rate” parameter which requires to be adjusted in online learning anal-
ysis.

Our analysis also indicates that even though some gradient descent type on-
line learning algorithms achieve good worst-case regret bounds, in practice they
could still be inferior to the corresponding batch algorithms. This also justifies
why practitioners apply an online algorithm repeatedly over the training data
so that it effectively converges to the solution of a sample dependent optimiza-
tion problem, although the online mistake bound analysis implies that this is
not helpful. In addition, the sequential approximation analysis complements the
leave-one-out analysis in batch learning. In many cases it can give better bounds
than those from the leave-one-out analysis. The latter analysis may not yield
bounds that are asymptotically tight.

We organize the paper as follows. In Section [, we prove a sequential ap-
proximation bound for a class of sample dependent optimization problems. This
bound is the foundation of our analysis. Section Bl applies this bound to a gen-
eral formulation of linear learning machines. Section [4 and Section [0 contain
specific results of this analysis on some classification and regression problems.
Concluding remarks are given in Section [6.

2 A Generic Sequential Approximation Bound

In many machine learning problems, we are given a training set of input variable
x and output variable y. Our goal is to find a function that can predict y based
on z. Typically, one needs to restrict the hypothesis function family size so that a
stable estimate within the function family can be obtained from a finite number
of samples. We assume that the function family can be specified by a vector
parameter w € H, where H is a Hilbert space. The inner product of two vectors
wy,ws € H is denoted by wf wy. We also let w? = wTw and ||w| = (wTw)/2.

We consider a “learning” algorithm that determines a parameter estimate
wy, from training samples (z1,y1),- .-, (Tn,Yn) by solving the following sample-
dependent optimization problem:

wy, = arg min w? (1)
w
st w € Cp(T1, Y1,y TnyYn)- (2)

We assume that C), is a sample-dependent weakly closed convex set in H. That
is,

— Y w € H: if 3 sequence {w;}i=12.. € C, such that lim; wlz = wTx for
all x € H then w € C,,.
— Yw,wy € C,, and 0 € [0, 1], we have 6w + (1 — O)wy € C,,.

! We say that the sequence {w;} converges weakly to w.
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Under the above assumptions, the optimization problem becomes a con-
vex programming problem. The following proposition shows that it has a unique
solution.

Proposition 1. If Cp,(z1,Y1, .-, Tn, Yn) is non-empty, then optimization prob-
lem () has a unique solution that belongs to Cp(T1,Y1,-- -, Tn, Yn)-

Proof. Since C,, is non-empty, there exists a sequence {w;};=12.. such that
lim; oo w? = inf,ec, w?. Note that since the sequence {w?} converges, it is
bounded. Therefore it contains a weakly convergent subsequence (cf. Proposi-
tion 66.4 in [6]). Without loss of generality, we assume the weakly convergent
subsequence is the sequence {w;} itself. Denote its weak limit by w., then by
the weakly closedness of C),, we have w, € C),. Also

.=

w? = lim w T w; < (w? lim w?)Y? < (W? inf w2 <w?.
i—»00 i—00 wel,

This implies that w, is a solution of @)

To see that the solution is unique, we simply assume that there are two
solutions denoted by w; € C,, and wy € C,,. Note that 0.5w; + 0.5wy € C,, by
the convexity of C,,. We thus have (0.5w; + 0.5w2)? > 0.5w? + 0.5w3 by the
definition of wy and ws as solutions of (). This inequality is satisfied only when
w1 = Wwa.

The following lemma, although simple to prove, is the foundation of our
analysis.

Lemma 1. Let (z1,41),- .., (Tn,yn) be a sequence of observations. Assume that

Co(x1, Y15, TnyYn) € Cpo1(T1, 91, - -+ s Tne1, Yn—1)-

Let wy, be the solution of {d) with respect to samples (x1,y1), .., (Tk, yr) where
(k=n-1, n), then if Cy, is non-empty, we have the following one-step approz-
imation bound:

(wp — wp_1)* < w% —w2_,.

Proof. Since w2 = w?_; + (wy, — wn_1)? + 2(w, — wy_1)Tw,_1, to prove the

lemma we only need to show (w,, — wn,l)Twn,l > 0. If this is not true, then
assume z = (wy, — wy_1)Tw,—1 < 0. Let § = min(1, —2/(w, — w,_1)?), then
6 € (0,1] and by the convexity of C,,_1, we know wy,_1 + 6(w,, — w,—1) € Cp_1.
However,

(wn—l + e(wn - wn—l))2
.2 2 2 T
=w;_ 1+ 0 (wp, — wp—1)" + 20(w,, — Wp—1)" Wp—1
<w? | +0z<w_y,
which contradicts the definition of w,,_1. Therefore the lemma holds.

2 There is a little abuse of notation. We need to change the subscripts of n to k in
@ to define wy. This convention, also used in later parts of the paper, should not
cause any confusion.
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Theorem 1. Let (z1,y1),...,(Tn,yn) be a sequence of observations. Let Cy =
H, and assume that for all k =m, ..., n,

Ce(m1,915 -+, Tk, Yk) © Cr1(T1, Y1, -+, Tho1, Yk—1)-

Let wy, be the solution of () with respect to samples (x1,91),- -, (Tk, yr) where
(k=m—1,...,n), then we have the following sequential approximation bound:

n

2 2 2
Z(wz —w;—1)” < w, — Wy, 1.
i=m
Proof. By Lemma [ we have (w; — w;—1)? < w? —w? | for all i = 1,...,n.
Summing over ¢ = m,...,n, we obtain the theorem.

Note that the style of the above bound is similar to techniques widely used
in online learning [TJ94J5]. However, the formulation we consider here is signif-
icantly different than what has been considered in the existing online learning
literature. Furthermore, from a technical point of view, instead of bounding the
regret loss as in online learning analysis, we directly bound the sum of squared
distances of consecutive parameter estimates in a batch learning setting. There-
fore our bound indicates the convergence of estimated parameter itself, which
can then be used to bound the regret with respect to any loss function. The
reason we can prove the convergence of parameter itself is due to our explicit
use of regularization that minimizes w? in ().

The concept of convergence of the estimated parameter has been widely
used in traditional numerical mathematics and statistics. However, it has only
recently been applied to analyzing learning problems. For example, techniques
related to what we use here have also been applied in [12l13]. The former leads
to PAC style probability bounds, while the latter gives leave-one-out estimates.
The convergence of the estimated parameter is also related to the algorithmic
stability concept in [8]. However, the former condition is stronger. Consequently,
better bounds can usually be obtained if we can show the convergence of the
estimated parameter.

3 Linear Learning Methods

3.1 Linear Learning Formulations

To apply the general sequential approximation bound, we consider the linear
prediction model where y is predicted as y ~ w”z. We assume that z € H
for all sample z. Given a training set of (z1,%1),...,(Zn,yn), the parameter
estimate wy, is obtained from () with the set C,, defined by the following type
of constraints:

Cn(xhyla"'axfwyn)
- {w e H: Cn,k(walaxhyl e 7men;xnayn) S 07 (k = 17 .. 'asn)}a (3)

where each ¢, i is a continuous convex function of w.
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Proposition 2. The set C,, defined in (3) is conver and weakly closed.

Proof. 1t is easy to check that the set C), defined above is convex. C,, is also
weakly closed since if a sequence {w;} € C,, converges weakly to w € H, then
Vk, by the continuity of ¢, :

T T
cn,k(w T1,T1,Y1y.--.,W xn7xn,yn)
_ : T . T
= cp p(limw; 1, x1,y1, ..., imw; T, Tn,Yn)
K3 1
= limcn,k(wiTml,xl,yh . ,w?mn,xn,yn) <0.
K3

This means that w € C,,.

For all concrete examples in this paper, we only consider the following func-
tional form of ¢, in (B):

n
cn,k:<walamla Y1, .- 7mena xnayn) = Z fk,i(wai7$i7yi)7
i=1

where fj i(a, b1, b2) is a continuous convex function of a. Specifically, we consider
the following two choices of C,,. The first choice is

Cn={we H:a(z;y) <w'z <blw,y), (i=1,...,n)} (4)

Both a(-) and b(-) are functions that can take +oco as their values. The second

choice is
k

C,={weH: ZL(wai,xi,yi) < s}, (5)
i=1
where L(a,b;,by) > 0 is a continuous convex function of a. s > 0 is a fixed
parameter.
Clearly, either of the above choices of C), satisfies the condition Cj C Cy_1.
Hence Theorem [l can be applied.

3.2 An Equivalent Formulation

From the numerical point of view, the parameter estimate w, in () with C,
defined in (B) is closely related to the solution w, of the following penalized
optimization formulation more commonly used in statistics:

k
wn = arg 51611111[[11}2 +OZ;L(TUT$%$¢,%)]» (6)
where C' > 0 is a parameter. In fact, VC in (@), if we let s = > | L(w0T s, 24, yi),

then the solution w, with C,, given in (@) is the same as @, in ([B]). To see this,
just note that by the definition of w,,, we have w2 < @?2. Now compare () at
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w = w, and w = Wy, we obtain w? > 2. This means that 1, is the solution of
with C,, given in ({)). Due to the uniqueness of solution, w,, = w,.

This equivalence suggests that our analysis of the constrained formulation
(@) with C,, defined in (@) can provide useful insights into the penalty type for-
mulation (B). However in reality, there are some complications since typically the
parameter C in (@) or s in (B) is determined by data-dependent cross-validation.
A typical analysis either fixes C' in (@) or fixes s in (B). These choices are not
equivalent any more. An advantage of using (6] is that we do not need to worry
about the feasibility condition (C,, is non-empty), although for many practical
problems (even for problems with noise), the feasibility condition itself can be
generally satisfied. The readers should be aware that although bounds given
later in the paper assume that C,, is always non-empty, it is not difficult to gen-
eralize the bounds to handle the case where C,, may become empty with small
probability.

There is no difficulty analyzing (B]) directly using the same technique devel-
oped in this paper. We only need a slight generalization of Lemma [Z] that allows
a general penalized convex formulation in the objective function. Note that the
proof of Lemma 2] essentially relies on the KKT condition of () at the optimal
solution. In the more general situation, a similar KKT condition can be used to
yield a desired inequality.

It is also easy to generalize the scheme to analyze non-square regularization
conditions. Furthermore, by introducing slack variables (for example, this is done
in the standard SVM formulation), it is not hard to rewrite general penalty type
regularization formulations such as (B]) as constrained regularization formula-
tions such as (), where we replace the minimization of w? by the minimization
of an arbitrary convex function g(w,£) of the weight vector w and the slack
variable vector £. This provides a systematic approach to a very general learning
formulation.

It is also possible to use a different technique to bound the squared distance
of consecutive parameter estimates as in [I3]. Although the method will yield
a similar sequential approximation bound for penalty type formulation (@), it
is not suitable for analyzing constrained formulation () which we study in this
paper. In a related work, mistake bounds for some ridge-regression like online
algorithms are derived in [4]. The resulting bounds are similar to what can be
obtained by using our technique.

In this paper, we do not consider the general formulation which includes
(@). We shall only mention that while our current approach is more suitable
for the small noise situation (that is, s small, or equivalently C large), a direct
analysis for (@) is more suitable for the large noise situation (that is, C' small,
or equivalently s large).

3.3 Kernel Learning Machines

Proposition 3. The solution w, of (@) with C,, defined in [3) belongs to X,
where X, is the subspace of H that is spanned by x; (i=1,...,n).
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Proof. Let w,, be the orthonormal projection of w,, onto X,,, then ’lI)Z; T; = wg T;
for i = 1,...,n. This implies that w, € C,. Since w2 < w?, by Proposition [

we have w,, = w,,.

Under the assumption of Proposition [3, we can assume a representation
of was w =Y a;x; in the optimization of (). Using this representation,
whe =30 cgal @, and w? = 370, YU ayaa] @, Therefore the only prop-
erty we need to know about the Hilbert space H is a representation of its inner
product z7y. We may replace 27y by a symmetric positive-definite kernel func-
tion K (z,y), which leads to a corresponding kernel method as follows:

d:argmainZZaiajK(zi,zj) (7)

i=1 j=1

s.t. Cn,k(z o K (i, 1), 21,91 - ~,ZOL¢K($¢,$n)a$nayn) <0 k=1,...

i=1 i=1

A properly behaved kernel function induces a Hilbert space (reproducing
kernel Hilbert space) that consists of the closure of functions f(x) of the form
> ;K (x;,x). We can represent the functions linearly in a feature space as
f(z) =322, wi¢i(x). The inner product is K(z,y) = > i) Nidi(2)¢;(y), where
A; > 0 are eigenvalues. See [2], chapter 3 for more details on kernel induced
feature spaces. Our analysis in the reproducing kernel Hilbert space can thus be
applied to study the general kernel method in ().

4 Regression

4.1 Sequential-Validation Bounds

We consider regression problems. For simplicity, we only consider the ¢g-norm
loss with 1 < ¢ < 2. Our goal is to estimate w from the training data so that it
has a small expected loss:

Q(w) = B yy~plw’z —yl7,

where the expectation F is taken over an unknown distribution D. 1 < ¢ < 2isa
fixed parameter. The training samples (z;,y;) for ¢ = 1,...,n are independently
drawn from D.

Given the training data, we define the empirical expected loss as

1 n
Qn(waxhyla e a'rn7y7l) = ﬁ Z |wai - yi|q'
i=1

We use algorithm () to compute an estimate of w, from the training data.
We consider two formulations of C,, in (). The first employs

C,={weH: |wTa:i —yi|l <e(ziyy), (E=1,...,n)}, (8)
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where e(x, y) > 0 is a pre-defined noise tolerance parameter. The second employs

Cn:{wEH:Z|wai—yi|q < s}, 9)
i=1

where s is a data independent parameter. If a solution does not exist in one of the
above formulations (that is, C,, is empty), then we let w,, = 0. In the following,
we only consider the case that C,, is always non-empty for clarity. However as
we have mentioned earlier, it is possible to deal with the situation that C,, is
empty with a small probability.

Theorem 2. Assume for all training data Cp41 is non-empty, and C C Cp—q
fork=m,...,n+1. For each k, wy, is computed from (x1,y1),. .., (Tk, Yr) using
(@). We have the following sequential expected generalization bound (1 < q < 2):

n n+1
D EQ)]Y < EYT N Qi(wi, w1y, wi,vi) +
i=m 1=m-+1

EYlwua|(Y i |27/ 370) G702,

i=m

The expectation E is with respect to n+ 1 independent random training samples
(:Ela y1)7 L) (xn-i-l)yn-‘rl) fmm D.

Proof. Consider training samples (z1,y1), .-, (Tn+1, Ynt1)-
n
(Z i @i = yigr| )
i=m

n
= (Z Wl mip = yirr + (wi — wig1) @]9

i=m
n n
<D lwhamicn = giga |70+ D Nwi — wiga) i)
i=m i

- |

n
< (O lwliamin — i)Y+ (

i=m

n
29 | 2-4q
(wi — wig1)*) 2O Mlwiga|a) =
i=m

i
3

The first inequality follows from the Minkowski inequality. The second inequality
follows from the Holder’s inequality.

By taking expectation FE and again applying the Minkowski inequality, we
obtain

[Z E Q(w;)]"/1

=[E Y [wlwips —yip |1/

i=m
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©-

i 1
< Eu [(Z Wi @ig1 — yira]D)7 + (

n
1 29 | 2-gq
(w; — wi+1>2)2 (Z |\33i+1||2*q‘1) 2qq]q
i=m

i=m 1=m
1 - T 1 - 2\ 2 - 29 | 2—g
<ET Y |wlmin — v+ B[O (wi —wig1)?) 2 () lmiallze) 7).
i=m i=m L

By Theorem[, we have (3" (w; — w;i1+1)?)%? < |Jwpy1]|9. Also observe that

E Wizt —yis1)? = E Qi1 (Wit1, T1, Y1y - -+, Tist1, Yir1)-

We thus obtain the theorem.

Corollary 1. Using formulation (8), we have

ZEQ w;)] 1/q

n+1

+1
IIwn+1II‘1 "Z ;|| 29/ 2—)
(n+1) q/2 n+1

< [Blagymp (@, y)]Ve + BV )2-0)/2),

Using formulation [4), we have

Z EQ(w;)]Y/1

’L m+1

n+1 n+1 1129/ (2—q)
1 Si1/ 1/ [|wn1]? 2 (2—q)/2
S[n—m Z ;] TE Q[(n—m)qm(z n—m )R

1=m-+2 1=m-42

Proof. From formulation (8], we obtain

k
1
EQk(wk;xlaylv" xkayk EZ xlvyl = E(w,y)~D€(£7y)q'

From formulation (b)), we obtain

Qk(wkaxlayla s axkayk) <

Ed Y

The bounds follow from Theorem [2
Corollary 2. Using formulation (8), we have

n+1ZEQ e

sup || w1l (2—q)/2 _
< By )+ Loy B P07
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Using formulation (9), we have

1

n—m

S BQw)s

i=m-+1

[

S5 11/q sup [|wn1|l (2-q)/24 2¢/(2—q)
—[m+2] (n—m)l/Z x~D HiE” .

Proof. We have

ntl 1124/(2—q)
T
BV [ o 3 M

i=m-+2

n+l 112a/(2—q)
z;
< sup o BVe (S A

1=m-+2

)(2fq)/2]

n—m

)(2711)/2

n—m

sy 1129/ (2—q)
< sup || w1 || EGD/20( Z [Jars[[*475 797
i=m-+2

2— 2 _
= sup [|wp 1 | BS 27 |20/ ),

n—m

The second inequality above follows from the Jensen’s inequality. Note also
Lyl s < s The bounds follow from Corollary I

n—m i=m+2 7 — m+2°

Note that in Corollary [, sup ||wy41]| is with respect to all instances of train-
ing data. It is useful when there exists a “target” vector such that the imposed
constraints are satisfied. In this case, sup ||wp+1]| is well-bounded. In the follow-
ing, we briefly discuss some consequences of our bounds.

Consider the bound for formulation (&) in Corollary[2. If there exists a “tar-
get” vector w, € H such that |wlz —y| < €(z,y) for all data, then there exists
k < n such that

[|ws |l - -
(EQ(wi)? < [E@y~p € (z,y)]* + mEﬁgwq ][4/ =4). (10)

We can further define an estimator w,, = n%_l Z?:o wj, then we obtain from the
Jensen’s inequality that

Q) = — > Qw).

n+1

Therefore from Corollary [ we have

5 [well — 2—q)/2 _
(EQ(wy,))"1 < [E gy (2, )M+ WE;NISI)/ 9|20/ 2=,
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Although the estimator w,, gives a worst case expected bound that is as good
as we can obtain for w, using a leave-one-out cross validation analysis it is
likely to be inferior to the estimator w,,. This is because the performance of w,,
is comparable to the average performance of wy for kK = 0,...,n. However, in
practice, we can make the very reasonable assumption that with more training
data, we obtain better estimates. Under this assumption, w, should perform
much better than this average bound.

Another observation we can make from (I0) is that if we let ¢ = 2, then we
have to assume that ||z|| is bounded almost everywhere to make the second term
of right hand side bounded. However, if we use a formulation with ¢ < 2, then
we only require the moment F,.pl|z[|??/ =9 to be bounded. This implies that
the formulation with ¢ < 2 is more robust to large data than the squared loss
formulation is.

We may also consider bounds for formulation ([@) in Corollary 2 and obtain
similar results. In this case, we shall seek m that approximately minimizes the
bound. For example, consider ¢ = 2 and assume |z|| < M for all 2. We let
m = (n+2)s'/3(s1/3 4 (sup || w4 1]|M)?/3)~1 =2, then the bound in Corollary
is approximately

(n+2)71 2 (1% (sup [l | M)2/%)*2. (11)

To interpret this result, we consider the following scenario. Let w be any fixed
vector such that Q(w) < A. By the law of large numbers, we can find €, — 0 as
n — oo such that P(Qn(w, 1, Y1, .., Tn,Yn) > A+e€,) = 0(1/v/n). If we let s =
n(A+e,), then with large probability, the inequality Q. (w, 1, y1,- .-, Tn,Yn) < 8
can be satisfied. Technically, under appropriate regularity assumptions, data
such that Qn(w,z1,y1,...,%n,yn) > s contribute an additional o(1/4/n) term
(which we can ignore) to the expected generalization error. The expected general-
ization performance is dominated by those training data for which the condition
Qn(w, 1,91, -+, Tn,Yn) < s is satisfied. This can be obtained from (1), which
now becomes

(A+ )2 (L4 O((n(A + e0) " (Jw]| M)*)

as n — oo. Assume that A is not small, then this bound, in a style of A +
en + O(n=1/3), is not optimal as n — co. A better bound in the style of A +
O(n'/?) can be obtained by directly dealing with formulation (@), which we
do not consider in this paper. However, this bound is good when A is small.
It also clearly implies that if inf,, @Q(w) = 0, then we can choose A — 0 (or
equivalently s = o(n)) such that there is a sequence of increasing sample size
k: limg 00 F Q(wg) = 0. Note that inf,, Q(w) = 0 does not imply that there
exists w such that Q(w) = 0. Many Hilbert functional spaces H (such as those
generated by various kernels) are dense in the set of continuous functions. On
the other hand, an arbitrary continuous target function does not correspond to
a vector w € H.

3 We do not give a thorough comparison here due to the limitation of space and a lack
of previous leave-one-out results for similar regression problems that we can cite.
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It is useful to mention that in many cases (for example, in many kernel
methods such as the exponential kernel K (z,y) = exp(—(z — y)?)), C,, in (B)
is not empty as long as either the training data x; are non-duplicate or y is a
function of z. The noise tolerance e(z,y) in {I0) (or s in (@) can be used to
trade-off the two terms on the right-hand-side of the bound in (I0) (or the two
terms in (II])): when we increase € (or s), we increase the first term but decrease
|lw] in the second term.

4.2 Noise-Free Formulation

Assume y is generated from the following exact formulation y = w? 2. Where
wy € H is the target weight vector. We consider the following noise free estima-
tion formulation:

Co={weH:wlz;=y;, (i=1,...,n)}

For simplicity, we assume that ||z|] < M, and let ¢ = 2. Our sequential
approximation bound implies

n

D (Wi —yin1)? < Jlwu*M>. (12)
i=0

The above bound is similar to the regret bound using a stochastic gradient

descent rule from i =0,...,n (we let wj = 0):
r_ T ) ) 1
Wiy =Wy — —5— (W5 Tig1 — Yir1)Tig1- (13)
Tit1

Using techniques in [I], we may consider the following equality:

T
(w§+1 - w*)2 = (wi - w*)2 - 5 (w; Tit+1 — yi+1)2.
Tir1

Summing over i, we obtain

n

T
D W) wir —yin1)? < Jlw][P M3 (14)
i=0

Both (I2) and (I4) can be achieved with a set of orthonormal vectors x; and
y; = 1. So both bounds are tight in the worst case. However, in practice w, is
likely to be a better estimator than w/,. We illustrate this in the following.

Observe that w, = Py, . 4, (w.), where P is the orthogonal projection
operator onto the subspace of H spanned by xi,...,x,. We also denote
w— Py, 2, (w) by P . (w). We have the following inequality:

(] Tig1 = yir1)? = (P o, (W) Py o (2i41))?
< P;;z (w.)? Py, (xis1)?.

T1yeeeyTg
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The effective length of x;4; is thus lew (2;41) which can be substantially
smaller than M. As an extreme, we can bound EQ(w,) using the following
inequality:

EQ(wy,) < sz P;},...,zn (xn+1)2~

Now, we assume x; is in an d-dimensional space, and the training data x1, ..., 2,
(n > d) have rank d with probability 1, then E Q(w,,) = 0. Clearly in general we
still have E Q(w],) > 0. In practice, even though the data may not lie in finite
dimension, the effective dimension measured by E Pj;xn (,41)% can decrease
rapidly as n — oo. In this case, the estimator w,, will be superior to w/, although
both have the same worst-case regret bounds.

This also justifies why in practice, one often run an online method repeatedly
over the data. In the noise-free squared loss regression case, if wy, ,,, is obtained
by applying ([3) repeatedly m times over the training data, then wy, ,, — wp,
as m — oo. This is because lim,,_q w’gmmi =y = w}f:ri, which easily follows
from the regret bound of wy, ,,,. This means wy, ,,, converges weakly to w,, which
also implies strong convergence since the vectors are in the finite dimensional
subspace of H spanned by x; (i =1,...,n).

5 Classification

5.1 Sequential-Validation Bounds

We consider the classification problem: to find w that minimizes the classification
error
Q(w) = Egyy~pl(w’zy <0),
where D is an unknown distribution. I(z < 0) is the indicator function: I(z <
0) =1if 2 <0 and I(z < 0) =0 otherwise.
Given the training data, we define the empirical expected loss with margin
v >0 as:

1
Q%(w,$1,y1, s Ty Yn) = n X;I(UJTJJQ <7).
1=

We consider two formulations of C), in (). The first formulation is the max-
imum margin algorithm in [I1] (also know as the separable SVM) that employs
the following hard-margin constraints:

Co={weH:wlayy;>1, (i=1,...,n)} (15)

The second formulation employs a soft-margin constraint:

n
Co={weH: Y Lwzy)< s}, (16)
i=1
where s is a data independent parameter and L is a non-negative and non-
increasing convex function. If a solution does not exist in one of the above for-
mulations (that is, C}, is empty), then we let w,, = 0. In the following discussion,
we only consider the case that C,, is non-empty for all training data.
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Theorem 3. Assume for all training data C,, is non-empty, and Cy, C Ck_1 for
allk =m,...,n. For each k, wy is computed from samples (x1,y1),- -, (Tk, yx)
using ({)). We have the following average expected generalization bound (1 < q <

2):
ZEQ(M)

m
n+1 n
Wrp1 (2
<y EQZ(wi,xl,yl,...,xmyi)+E[”;”(lemﬁq/(? D)@-0/2)
i=m-+1 i=m

The expectation E is with respect to n + 1 independent random training sam-
ples (z1,91), -, (Tnt1,Ynt1) from D. Note that v > 0 can be a function of

(xluy1)7 ey (xn+1>yn+1)~

Proof. Note that
1 T q
I(wiziy1yivr < 0) < I(wly @iy <) + %|(wi+1 —w;)" @]

Summing over ¢ = m, ..., n, and using the Holder’s inequality, we have

n

I{(wirig1yi41 <0)
i=m
n n

1 L& .
< Z I(wl @ip1yie1 <) + E(Z(wl —wiy1)?)? (Z [EFE= e
=m

i=m i=m

Taking expectation F, we obtain

Z EQ(w;)

n

=m
n
1 3
< Z B I(wip Tip1yit1 <) + EQ(Z(U& —wit1)” Z it = 7) =
=m

From Theorem [, we have (3" (w; —w;4+1)?)%? < ||Jwy,11]|9. Also observe that

EI( z+1$z+1yz+1 <7) EQ;Y+1(wi+1a«T17y17-~-7$i+1ayi+1)-

We thus obtain the theorem.

Corollary 3. Using formulation (I3), we have

n+1

N EQ(wi) < B [unsr |13 Ja, 2/ - 0)G-0/2),

=0 i=1
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Using formulation (18), we have

n n+1 n
w1 .
Y EQuwy) < Z TE L B S i 20/ @) 2-0/2),
i=m+1 i= m+2 i=m+1

Proof. If v = 1, we obtain from formulation (3]
Qz(wkaxla Y1, 7xk7yk) - 0

From formulation ([[f), we obtain

kL(v) '

k
1 L(wlx; y
¥ k iYi
Qk(wk7m17y17"'7xkayk E;
The bounds follow from Theorem [3]

Corollary 4. Using formulation (I3), we have

n
q
S B Q) < It pesnrzy g ey

2 x~D
n+1 (n+1)4/
Using formulation (I8), with fized v, we have
- s sup [wns1l? Le-a)/2) 120/ (2—a)
Y EQw) < + 5o Eenp 2[99
2 T L0 | (- myilya

Proof. Using Corollary Bl the proof is the essentially the same as that of Corol-
lary

The separable case ([3) has also been considered in [T0], where they derived
a result that is similar to the corresponding bound in Corollary @ with ¢ = 2.

We shall mention that in most of previous theoretical studies, the quantity
||z|| were assumed to be bounded. However, our bounds can still be applied
when ||z|| is not bounded, as long as there exists 1 < ¢ < 2 such that the
moment E,pl/z||?9/2~9 is finite. On the other hand, this causes a slow down
of convergence in our bounds.

Consider formulation (I6]) in Corollary @ We may seek m to approximately
minimize the bound. For example, consider ¢ = 2 and assume ||z|| < M for all
z. We let m = (n+ 2)s'/2L(y)"/?(s'/2 + L(7)? sup ||wp 41 || My~ 1)~ — 2, then
the bound in Corollary [2] is approximately

(n+2)" (s"2L(y) ™2 + sup |wpi1 || My )2 (17)

Similar to the discussion after (II), the above bound can be improved by
directly analyzing the penalty type formulation (B]) if the problem is not linearly
separable. On the other hand, the bound is good if the problem is nearly sepa-
rable. If inf,, Q(w) = 0, then we can find s = o(n) such that there is a sequence
of increasing sample size k: limy_,oc £ Q(wy) = 0.
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5.2 Separable Linear Classification

We consider the separable case using formulation (I5)). Similar to the regression
case, we may compare our results with the perceptron mistake bound. However,
in this section we consider the comparison with Vapnik’s leave-one-out bound
in [11] and illustrate why our sequential validation analysis can provide useful
information that cannot be obtained by using the leave-one-out bound alone.

To be compatible with Vapnik’s result, we consider the special case of ¢ = 2
in Corollary [3}

n
2 2
2 EQ(w) < Ewyy,  max  xf.
1=

This implies the following: there exists a sample size k < n such that
1
< ——Fuw? 2
EQwy) < - Ewnyy max
This can be compared with Vapnik’s leave-one-out bound in [TT], which can be
expressed as:
1
EQ(w,) < 71Ew721+1 max 2.

(2

“n+ i=1,...,n+1
Using our bound, we may also consider an estimator w!, that is randomly
selected among w; from ¢ = 0,...,n. Clearly,

1
EQ(w,) < mE w4y nax a3,
This gives a comparable bound as the leave-one-out bound of w,,. However, as
we have argued before, despite of the same worst case bound, w/, is likely to be
inferior to w,. If we make the reasonable assumption that with more training
data, one can obtain better results, than our sequential validation result implies
that the performance of w,, should be better than what is implied by the leave-
one-out bound.
Specifically, we consider the situation that there exists an estimator M such
that ||z|| < M and there exists a weight parameter w, so that the condition
wlxy > 1 is always satisfied. Vapnik’s bounds implies that

1
EQ(w,) < —w:M?.
n

That is, the expected generalization error decreases at an order of O(1/n). How-
ever, our bound implies that

oo

Z EQwy,) <w?M?

n=0
This implies that asymptotically the expected generalization error decreases
faster than O(1/n) since Y .-, 1/n = occ.

This example shows that the sequential approximation analysis proposed in

this paper provides useful insights into classification problems that cannot be
obtained by using the leave-one-out analysis.
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6 Summary

In this paper, we derived a general sequential approximation bound for a class of
sample dependent convex optimization problems. Based on this bound, we are
able to obtain sequential cross validation bounds for some learning formulations.
A unique aspect that distinguishes this work from many previous works on mis-
take bound analysis is that we directly bound the convergence of consecutive
parameter estimates in a batch learning setting.

The specific analysis given in this paper for constrained regularization for-
mulation is more suitable for problems that contain small noise. However, it is
easy to generalize the idea to analyze penalty type regularization formulations
including the standard forms of Gaussian processes and soft-margin support
vector machines. A direct analysis of penalty type regularization formulations is
more suitable for large noise problems. Note that we have already demonstrated
in the paper that the constrained regularization formulation considered here is
numerically equivalent to the penalty type regularization formulation.
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Abstract. We explore applications of Markov chain Monte Carlo meth-
ods for weight estimation over inputs to the Weighted Majority (WM)
and Winnow algorithms. This is useful when there are exponentially
many such inputs and no apparent means to efficiently compute their
weighted sum. The applications we examine are pruning classifier ensem-
bles using WM and learning general DNF formulas using Winnow. These
uses require exponentially many inputs, so we define Markov chains over
the inputs to approximate the weighted sums. We state performance
guarantees for our algorithms and present preliminary empirical results.

1 Introduction

Multiplicative weight-update algorithms (e.g. [ITJI3J3]) have been studied ex-
tensively due to their on-line mistake bounds’ logarithmic dependence on NV, the
total number of inputs. This attribute efficiency allows them to be applied to
problems where N is exponential in the input size, which is the case in the prob-
lems we study here: using the Weighted Majority algorithm (WM [13]) to predict
nearly as well as the best pruning of a classifier ensemble (from e.g. boosting)
and using Winnow [11] to learn DNF formulas in unrestricted domains. How-
ever, a large N requires techniques to efficiently compute the weighted sums of
inputs to WM and Winnow. One method is to exploit commonalities among the
inputs, partitioning them into a polynomial number of groups such that given a
single member of each group, the total weight contribution of that group can be
efficiently computed [14J6I7/8I18/20]. But many WM and Winnow applications
do not appear to exhibit such structure, so it seems that a brute-force implemen-
tation is the only option to guarantee complete correctness ] Thus we explore
applications of Markov chain Monte Carlo (MCMC) methods to estimate the
total weight without the need for special structure in the problem.

First we study pruning a classifier ensemble (from e.g. boosting), which can
reduce overfitting and time for evaluation [I52T]. We use the Weighted Major-
ity algorithm, using all possible prunings as experts. WM is guaranteed to not

* This work was supported in part by NSF grant CCR-9877080 with matching funds
from CCIS and a Layman grant, and was completed in part utilizing the Research
Computing Facility of the University of Nebraska-Lincoln.

! For additive weight-update algorithms, kernels can be used to exactly compute the
weighted sums (e.g. [4]).
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make many more prediction mistakes than the best expert, so we know that a
brute-force WM will perform nearly as well as the best pruning. However, the
exponential number of prunings motivates us to use an MCMC approach to
approximate the weighted sum of the experts’ predictions.

Another problem we investigate is learning DNF formulas using Winnow [11].
Our algorithm implicitly enumerates all possible DNF terms and uses Winnow
to learn a monotone disjunction over these terms, which it can do while making
O(klog N) prediction mistakes, where k is the number of relevant terms and N
is the total number of terms. So a brute-force implementation of Winnow makes
a polynomial number of errors on arbitrary examples (with no distributional
assumptions) and does not require membership queries. However, a brute-force
implementation requires exponential time to compute the weighted sum of the
inputs. So we apply MCMC methods to estimate this sum.

MCMC methods [9] have been applied to problems in approximate discrete
integration, where the goal is to approximate W =} _ w(x), where w is a
positive function and (2 is a finite set of combinatorial structures. It involves
defining an ergodic Markov chain M with state space {2 and stationary distri-
bution 7. Then repeatedly simulate M to draw samples almost according to 7.
Under appropriate conditions, these samples yield accuracy guarantees. E.g. in
approximate discrete integration, sometimes one can guarantee that the estimate
of the sum is within a factor € of the true value (w.h.p.). When this is true and
the estimation algorithm requires only polynomial time in the problem size and
1/e, the algorithm is called a fully polynomial randomized approximation scheme
(FPRAS). In certain cases a similar argument can be made about combinatorial
optimization problems, i.e. that the algorithm’s solution is within a factor of €
of the true maximum or minimum (in this case the chain is called a Metropolis
process [16]). In this paper we combine two known approximators for applica-
tion to WM and Winnow: one is for the approzimate knapsack problem [175],
where given a positive real vector x and real number b, the goal is to estimate
|2| within a multiplicative factor of €, where 2 = {p € {0,1}" : x- p < b}. The
other is for computing the sum of the weights of a weighted matching of a graph:
for a graph G and A > 0, approximate Zg(\) = Y_p_, mixA®, where my, is the
number of matchings in G of size k and n is the number of nodes. Each of these
problems has an FPRAS [9/17]. In combining the results from these two prob-
lems, we make several non-trivial changes. We also propose Metropolis processes
to find prunings in WM and terms in Winnow with high weight, allowing us to
output hypotheses that do not require MCMC simulations to evaluate them.

1.1 Summary of Results

TheoremsPland [[give bounds on the error of our approximations of the weighted
sums of the inputs to WM and Winnow for the problems (respectively) of pre-
dicting nearly as well as the best ensemble pruning and learning DNF formulas.
Specifically, we show that the weighted sums can be approximated to within a
factor of 1 4 € with probability at least 1 — . The theorems hold if the Markov
chains used are simulated sufficiently long such that the resultant simulated
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probability distribution is “close” to the chain’s true stationary distribution. If
these mizing times are polynomial in all relevant inputs, then we get FPRASs
for these problems. This is the case for WM under appropriate conditions, as
described in Theorem [l Based on our empirical evidence, we also believe that
both Winnow and WM have polynomial mixing time bounds for more general
cases. However, even if an FPRAS exists for these problems, then while we can
guarantee correctness of our algorithms in the PAC sense, we cannot necessarily
guarantee efficiency. This is because in the worst case, the weighted sum for
Winnow might be exponentially close to the threshold. Thus unless we make ¢
exponentially small, an adversary can force the on-line version of each of our
algorithms to make an arbitrary number of mistakes, since when € is too large,
we can never be certain that our algorithm is behaving the same as brute-force
Winnow. A similar situation can occur for WM. (Corollaries [ and [ formalize
this.) It is an open problem as to whether this can be avoided when there are
specific probability distributions over the examples and/or restricted cases of the
problems

Section [ gives our algorithms and Markov chains for pruning ensembles and
learning DNF formulas, and some preliminary empirical results appear in Sect. 3]
Finally, we conclude in Sect.[d with a description of future and ongoing work.

2 The Algorithms and Markov Chains

2.1 Pruning Ensembles of Classifiers

We start by exploring methods for pruning an ensemble produced by e.g. Ada-
Boost [19]. AdaBoost’s output is a set of functions h; : X — Re, where
i€ {l,...,n} and X is the instance space. Each h; is trained on a different dis-
tribution over the training examples and is associated with a parameter (3; € Re
that weights its predictions. Given an instance x € X', the ensemble’s prediction
is H(x) = sign (> 1, B;hi(x)). Thus sign (h;(x)) is h;’s prediction on x, |h;(x)|
is its confidence in its prediction, and 3; weights AdaBoost’s confidence in h;.
It has been shown that if each h; has error less than 1/2 on its distribution,
then the error on the training set and the generalization error of H(-) can be
bounded. Strong bounds on H(-)’s generalization error can also be shown. How-
ever, overfitting can still occur [I5], i.e. sometimes better generalization can be
achieved if some of the h;’s are discarded. So our first goal is to find a weighted
combination of all possible prunings that performs not much worse in terms of
generalization error than the best single pruning. Since another motivation for
pruning an ensemble is to reduce its size, we also explore methods for choosing
a single good pruning.

The typical approach to predicting nearly as well as the best pruning of
classifiers (e.g. [1820]) uses recent results from [3] on predicting with expert
advice, where each possible pruning is an expert. If there is an efficient way to
make predictions, then the expert-based algorithm’s mistake bound yields an

2 It is unlikely that an efficient distribution-free DNF-learning algorithm exists [2/I].
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efficient algorithm. We take a similar approach, but for simplicity we use the
more straightforward WM.

To predict nearly as well as the best pruning, we place every possible pruning
in a pool (so N = 2™) and run WM for binary predictions. We start by computing
Wj and W, , which are, respectively, the sums of the weights of the experts
predicting a positive and a negative label on example x;. Then WM predicts +1
if Wt > W, and —1 otherwise. Whenever WM makes a prediction mistake, it
reduces the weights of all experts that predicted incorrectly by dividing them by
some constant o > 1. It has been shown that if the best expert makes at most
M mistakes, then WM has a mistake bound of 2.41(M + log, N).

We use WM in the following way. Given an example x; € X', we compute
hi(x;) for all i € {1,...,n}. We then use an MCMC procedure to compute W,
an estimate of W," = ijegj wj, where 2,7 = {p € {0, 1}" : 0" piBihi(x¢) >
0}. A similar procedure is used to compute W;. Then WM predicts +1 if W; >
W, and —1 otherwise.

Define M{;"VM’t as a Markov chain with state space 2, that makes transitions
from state p = (po, ..., pn_1) € £2; to state q € £2;" by the following rulesf (1)
With probability 1/2 let @ = p. Otherwise, (2) select ¢ uniformly at random from
{0,...,n—1} and let p’ = (po,---,Pi—1,1 — DisPis1s--->Pn1). (3) f p’ € 2F
(i.e. if the new pruning also predicts positive on x;), then let p” = p/, else let
p”’ = p. (4) With probability min {1, vt (®)=ve(p”) }, let q = p”, else let q = p.
Here v; (p) is the number of prediction mistakes made on trials 1 through ¢ — 1
by the pruning represented by p.

Lemma 1. MJ{VM)t 1s ergodic with stationary distribution

a—vt(P)
Tat(P) = ——

Wi (a)
where Wt (a) = Zpenj a~ () e the sum of the weights of the prunings in

2, assuming o was the update factor for all previous trials.

Proof. In M\J;VMW all pairs of states can communicate. To see this, note that to
move from p € 2, to q € Qj', first add to p all bits i in q and not in p that
correspond to positions where [; h;(z) > 0. Then delete from p all bits i in p
and not in g that correspond to positions where 3; h;(z) < 0. Then delete the
unnecessary “positive bits” and add the necessary “negative bits”. All states be-
tween p and q are in 2;". Thus M\J{VMJ is irreducible. Also, the self-loop of Step
1 ensures aperiodicity. Finally, M\J,FVMJ is reversible since the transition probabil-
ities P(p,q) = min{1,a%(@ /a*®)}/(2n) = min{1, 7%, (a)/mt,(p)}/(2n) sat-
isfy the detailed balance condition 7/ ,(p)P(p,q) = ﬂ;tt(q)P(q, p). So Mé,'VMyt

a,t
is ergodic with the stated stationary distribution. a

3 The chain M\7VM,¢ is defined similarly with respect to 2, .
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Let r; be the smallest integer s.t. (1+1/B)"*~! > avand r; > 1+log, a, where
B is the total number of prediction mistakes made by WM. Then r; < 1+2BIn .
Also, let my = 1/ (al/(“’l) —1)>Band a;; = (1+ 1/my) ! = ai=D/(re=1)

for 0 <i <7, (soay,; = «a). Now define ZV\{M(p) = (ai7t/ai_17t)_vt(p)

p is chosen according to 77 . Then

Qg

, Where

peay S Wih(aie) Wi (uig)

So we can estimate W, (v 41.¢)/W; (1) by sampling points from My, , and
computing the sample mean of fi‘f\{ M Note that

= () () ()50,

where W, (a14) = Wi (1) = |2]7]. So for each value a4, ..., 1,4, We TUn
S; independent simulations of M\J{VMJ, each of length T;;, and let X, be the

sample mean of (am/al-_l’t)*vt(p). Then our estimate id]

re—1 re—1

Wit (a) = Wi (are) [ Xie =127 [] X - (1)
=1 =1

Theorem [2's proof is a hybrid of those of Jerrum and Sinclair [9] for weighted
matchings and the knapsack problem, with several non-trivial extensions. The
theorem uses wariation distance, a distance measure between a chain’s simu-
lated and stationary distributions, defined as maxycg |[P7(p,U) — 7(U)|, where
P7(p,-) is the distribution of a chain’s state at simulation step 7 given that the
simulation started in state p € {2, and 7 is the stationary distribution.

Theorem 2. Let ¢ = 2(1+¢)Y/3 —2, the sample size S; = ’75207}6/6/2—‘, 12,7 ’s

estimate be within € /2 of its true value with probability > 3/4, and M%M’t be
simulated long enough (T steps) for each sample s.t. the variation distance is
< €/(10er;). Then W, (a) satisfies

Pr[(1— ) Wit (a) < Wi () < (1+¢) Wj(a)} >1/2 .

In addition, the 1/2 can be made arbitrarily close to 1 —§ for any § > 0.

We start with a lemma to bound zV‘t] M>g variance relative to its expectation.
Lemma 3.
Var | Z?;/M] 1
CI .

4 Since computing |£2;7| is #P-complete [22], we use a variation of the knapsack
FPRAS [17J9] to estimate |§2;"|.
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Proof. The first inequality follows from
Var [5M] = B ()] - (8 [3))°

= ( - )_QW(P) iy ~ W (i)

e Qi—1,t WtJr(ai,t) Wt+(0‘i,t)2
—Ut(P)
< 1 Z O‘?,t _ Wi (qvig10)?
< Wt+(04i,t) pent Qi1 Wt+(04i,t)2

~ Wi (i) W (aigae)? < B[]

Wt+ (ai,t) Wt+ (Ofi,t)2

Thus forall 1 <i<r; —1,

—ve(p)
Var [ f; 4] < - Wi (i) _ Zpeﬂt+ Qi ;'

(E [fi’t])Q Elfi] B WtJr(O‘iJrl,t) Zperﬁ Oéﬁvlt(tp)
(ocj,t)B (Zpenj (ﬁ)vt(p) B)
(aiil‘t>B (Zpenj (aiiu)”‘(p)_3>

B
S(OW> =(1+1/m)? <e . O

Q¢

Proof (of Theorem [@). Let the distribution #F = be the one resulting from
a length-T;; simulation of MWMt, and assume that the Variation distance

P H < €/(10ery). Now consider the random variable fYY™, which

Q¢
is the same as Y™ except that the terms are selected according to )} . Since
QXM e (0,1], [ XZM} -E[ i,t ‘ < € /(10er;), which implies E[ it M) —

€ /(10er;) < E { ;V\{M} < E [fM] + €' /(10ery). Factoring out E [fYM] and ap-
plying Lemma [3 yields

O RS R (R T

This allows us to conclude that E {fWM} >E [flvyM] /2. Also, slight modifica-

tions of Lemma Bls proof show Var [ WM} <E [ AZV\ZM} Using this and again
applying Lemma [3] yields
Var [fVM] 1 2
— 7 = - = WM
(E [ AWMD (E [f)"t’M]) E[f5Y]

7,t

<2 . (3)
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Let xW

it ,Xi(ft) be a sequence of S; independent copies of }V’ZM, and let
Var [f}yM}

t

Koy = (S5 X9 /1. Then B[] = B [ f7M] and Var [X;,] =
The estimator of W, () is W' (1) X; = W (ay,) H:’:_ll X1, where W, (ay )
is an estimate of [£2,"|, which by assumption is within ¢//2 of the true value.
Since the X; ;’s are independent, E [X,] = HZ;_ll E[Xi:] = HZ‘:_II E [ ;“{M} and
E[X?] =[[/", E[X2,]. Let p = [T} 7%%125), (i.e. what we are estimating
with X;) and p = E[X;]. Then applying (2) gives

6/ Tt e/ Tt
1— <s<pl1
( 10”) p—p—p< +10rt>

Since lim,, o0 (1 +€¢//(10r,))* = €€/10 < 14 €/8 and (1 — ¢/ /(10r4))"™ is min-
imized at r; = 1, we get

CEAmR. (H CED A
2e

(+2)" 1w

6/2 Tt , ,
< (1 1< (2260)—1< 2956 .
_( —1-260” <exple?/ <e?/

IN

We now apply Chebyshev’s inequality to X; with standard deviation € /16:
Pr(|X;—p|>€p/8 <1/4 .

So with probability at least 3/4 we get

/ /
(1—;)ﬁsxts(1+€8)ﬁ,

which implies that with probability at least 3/4
¢ 2 ¢ 2
1—— <X, < |1+ — .
!

/
21 (1 §) < Wi <lov) (14 5)

Given that
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with probability > 3/4, we get

n € &\ 2 sy n € &\ 2

with probability > 1/2. Thus

!/

W (o) (1 - 62>3 < Wi (n) < Wi (@) (1 ! €2>3

with probability > 1/2. Substituting for € completes the proof of the first part
of the theorem. Making these approximations with probability > 1 — ¢ for any
§ > 0 is done by rerunning the procedures for estimating [£2;"| and X; each
O(In2/6) times and taking the median of the results [10]. O

Note that if W™ (a)/W, (a) & [iz, %fz] for all ¢, then our version of WM
runs identically to the brute-force version, and we can apply WM'’s mistake
bounds. This yields the following corollary.

Corollary 4. Using the assumptions of Theorem 3, if W, (a)/W, (a) & [;2,
1+e

€] for all t, then (w.h.p.) the number of prediction mistakes made by this
algomthm on any sequence of examples is B < 2.41(M + n), where n is the
number of hypotheses in the ensemble and M is the number of mistakes made by
the best pruning. Thus ry < 1+4.82(M +n)Ina and S; = O((M +n)(Ina)/€2).

We now investigate bounding the mixing time of MWM , under restricted
conditions using the canonical paths method [9]. The first condition is that we
use AdaBoost’s confidences in the weight updates by multiplying pruning p’s
weight by a0t where zp; = 4, Zhiep Bi hi(x¢) and £, is x;’s true label. The
second condition is that £2;" be the entire set of prunings. The final condition is
that |zp 1 — 2q,¢| = O(logn) for any two neighboring prunings p and q (differing
in one bit). If these conditions hold, then MWM + 'S mixing time is bounded by a
polynomial in all relevant parameters. Theorem Bls proof is deferred to the full
version of the paper.

Theorem 5. If WM’s weights are updated as described above, ;7 = {0,1}",
and for all t and neighbors p,q € 2}, |2pt — 2qt] < log,n® for a constant c,
then a simulation of M%M’t of length

T;t = 2n°T? (nIn2 + 2nclnn + In (10er; /€))

+

(o7

+

(o773

will draw samples from & - < € /(10ery).

Combining Theorems [ and [{] yields an FPRAS for ensemble pruning under
the conditions of Theorem Bl To get a general FPRAS, we need to eliminate the
conditions of Theorem[3. The first condition is to simplify the proof and should

not be difficult to remove. The second condition can probably be removed by
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adapting the proof of Morris and Sinclair [17] that solved the long-standing open
problem of finding an FPRAS for knapsack. However, it is open whether the final
condition (that neighboring prunings be close in magnitude of weight changes)
can be removed. In the meantime, one can meet this condition in general by
artificially bounding the changes any weight undergoes, similar to the procedure
for tracking a shifting concept [13].

Since one of the goals of pruning an ensemble of classifiers is to reduce its
size, one may adopt one of several heuristics, such as choosing the pruning that
has highest weight in WM or the highest product of weight and diversity, where
diversity is measured by e.g. KL divergence [15]. Let f(p) be the function that
we want to maximize. Then our goal is to find the p € {0,1}" that approx-
imately maximizes f. To do this we define a new Markov chain M3y} whose
transition probabilities are the same as for M\J,FVM,t except that step 3 is ir-
relevant and in step 4, we substitute f(-) for (—v:(-)) and substitute 7 for a,
where 7) is a parameter that governs the shape of the stationary distribution.
Lemma [lobviously holds for Mi37i}, i.e. it is ergodic with stationary distribution
m,(p) = nf®) /W (n), where W (n) = 2 opefo,1}n n?(®). However, the existence of
an FPRAS is still open.

2.2 Learning DNF Formulas

We first note the well-known reduction from learning DNF to learning monotone
DNF, where no variable in the target function is negated. If the DNF formula
is defined over n variables, we convert each example x = zy---x, to X' =
Xy TpTy- - Tp. It is easy to see that by giving x’ to a learning algorithm for
monotone DNF, we automatically get an algorithm for learning DNF. Thus we
focus on learning monotone DNF, though our empirical results are based on a
more general definition (Sect. B]).

To learn monotone DNF, one can use Winnow, which maintains a weight
vector w; € Re™ (IN-dimensional positive real space). Upon receiving an in-
stance x; € {0, 1}N, Winnow makes its prediction g, = 1 if Wy, = wy - x; > 0
and 0 otherwise (f > 0 is a threshold). Given the true label y;, the weights are
updated as follows: wyy;; = wt’iaf’“’“(y‘_g‘) for some o > 1. If wyy1,; > we; we
call it a promotion and if wyy1; < w;; we call it a demotion. Littlestone [11]
showed that if the target function f is a monotone disjunction of K of the IV
inputs, then Winnow can learn f while making only 2 + 2K log, N prediction
mistakes. So using the 2" possible terms as Winnow’s inputs, it can learn k-term
monotone DNF with only 2 + 2kn prediction mistakes. However, computing
and updating the weights for each trial ¢ takes exponential time. So we estimate
W by associating each term with a state in a Markov chain, representing it by a
string over {0, 1}"™. Since W is a weighted sum of the terms satisfied by example
xt, we want to estimate the sum of the weights of the strings p € {0,1}™ that
satisfy x, - p = Y1) @pi = [pll1, where [[p]ly = Y75 pi.

The state space for our Markov chain Mpnp, is ¢ = {p € {0,1}" :
x; - p = |pll1}. Transitions from state p = (po,...,Pn—1) € 2, to state
q € (2 are given by the following rules. (1) With probability 1/2 let q =
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p. Otherwise, (2) select ¢ uniformly at random from {0,...,n — 1} and let
!/

d = (po,---,Pi—1,1 — D, Dit1,- -, Pn—1)- (3) If x; satisfies the term repre-
sented by d, let @” = d/, else let " = p. (4) Let q = ¢” with prob-

ability min{1,a“t(q”)_”t(q”)_“t(p)‘“’t(p)}, else let q = p. Here u;(p) is the

number of promotions of p so far, and v;(p) is the number of demotions.
Lemma [ holds for Mpnr,; as well: it is ergodic with stationary distribution
Tat(p) = ot (@) =ve(P) /W, (o), where Wy (a) = Epent att(P)—ve(p),

We now describe how to estimate W;(a). Let m; = Zt;:ll Ur(Pe) + vr(Pe),
air = (1+ 1/mt)zf1 for 1 < i < ry, where r; is the smallest integer such that
(141/my)"* "' > a (thus s < 1+ 2m;Ina) and p, = 0, the “empty” (always
satisfied) term. Also, set a,.; = . Now define f; +(p) = (ai,l,t/ai’t)ut(p)wt(p),
where p is chosen according to distribution 7y, ,,;. Then

Bl = 3 (2=t ) P AT Wi
N pen, \ it Wi(ai,e) Wi(aie)

So we can estimate Wy(o;—1,4)/Wi(e,) by sampling points from Mpyr, and
computing the sample mean of f;;, which allows us to compute W, («a) since

)= (e ) (Whees )~ (ass) it

Wi(oa )
and Wi (ay ;) = W(1) = |22| = 2Ixll:. Therefore, for each value as, ..., ¢, we
run S; independent simulations of Mpnr ¢, each of length T; ;, and let X, be
ue (x) —ve ()

the sample mean of (o;_1 ¢/ ) . Then our estimate of Wy(«) is

Wi(a) =2 T 1/Xi, .
=2

Below we show results similar to Theorem Rlfor Mpnr ¢. We start by bound-

ing the variance of Z-]?tNF relative to its expectation. The proof is slightly different
since LDtNF can take on values greater than 1 (specifically, fONF € [1/e, €]).
Lemma 6.

Var [f] 1

—— 0 <e ——— <e, and Var[fON] < 2E[fEN) .

U = B % :

Proof. Let P/™™ = minp{us(p) — v¢(p)} and P* = maxp{u:(p) — ve(p)}, i.e.
the minimum and maximum (respectively) number of net promotions over all
terms at trial ¢. The first inequality of the lemma follows from

-2 — (P)—vt(p)
DNF Z Qi—1,t (us(P)—ve(P)) agyrmer _ We(aiz1,t)?
Var [ it ] | LepE \ g W (cvi,t) We(ai,e)?

(E [fPNF])? Wi(vi_1.0)2 /Wil 1)?

it
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a1 v (P) e ()
Wt(ai,t) Zpeﬂt ( ai,t”)

Wi(ai—1,1)?
[Epent (Oéi,t)ut(p)_vt(p)} [Zpeﬂt (ai—27t)ut(p)_vt(p)}
[Zpem (O‘Fl»t)ut(p)ivt(p)} [Zpent (Oéz'fl,t)M(p)ivt(p)}

)ut (p)—vi(p)— P

<

< Zpe()t (Oéi—27t

> Epth (ai—Lt)ut(p)_”f(p)—Pt‘“a" .

Since the series of exponents is the same in the numerator and denominator,
a;¢ > 1for all ¢ > 1, and my > P — P, we get

_ _ pmax min _ pmax
> peo (i) P PI=FE > pea (oiae) T
S pen, (i) P o = Yupen, (@i )T
= (1+1/m) T < (4)

To prove the lemma’s second inequality, note that

Z ut(p)—ve (P prax ut (p)—ve (p)— P

1 PES2; (ai,t) ) ) ai,; Zpef}f, (ai,t) ®) ()

E DNF1 — up vt - Ptmax wt v (p pmax
[ it ] Zpth (ai—l,t) o) «(P) ai—l,t Zpeﬂt (ai—l,t) ( ) ) k

. yue(P)—ve(p) =P
Zpe!)t (al7t) ' ' ‘ <e .

= (1+1/m)"" — = <
Zpeﬂt (Oéifl,t) +(P)—v(P) Py

Since Var[ i]?tNF] <Wi(ai—2+)/Wi(ay) and E[ Z-]?tNF} =Wi(aiz1,t)/Wi(aie),
showing Wi (avi—2.+) < e2Wy(a;—1 +) proves the third part of this lemma. Applying
@) yields

pmax

Wi(oi-2.4) _ i los D pen, (M2t e

)Ut(P)—Ut(P)—Pt‘”ax
Pl‘nax Pmax S Pl]]ax .
Wilai-1,t) 'y D pen, (ai—l,t)ut(p)_vt(p)_ ' (L+1/my)

If P > 0, the above quantity is at most e. Otherwise, it is at most e(1 +
1 /mg)lPE1 < 2 0

The proof to the following theorem is similar to that of Theorem ] but also
accounts for the fact that il?tNF can be greater than 1.

Theorem 7. Let the sample size Sy = [130r,e®/€*] and Mpyp, be simu-
lated long enough (T;: steps) for each sample s.t. the variation distance be-
tween the empirical distribution and mo, , is < €/(5e*ry). Then Wi(a) satisfies
Pr [(1 —OWi(a) < Wi(a) < (1 + E)Wt(a)} > 3/4. In addition, the 3/4 can be
made arbitrarily close to 1 — 6 for any § > 0.
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As stated in the following corollary, our algorithm’s behavior is the same as

Winnow’s if the weighted sums are not too close to 6 for any input. It is easy
to extend this result to tolerate a bounded number of trials with weighted sums
near 6 by thinking of the potential mispredictions as noise [12].
Corollary 8. Using the assumptions of Theorem[7 if Wi(r) & [ﬁ, ﬁ} for
all t, then (w.h.p.) the number of mistakes made by Winnow on any sequence of
examples is at most 2+ 2kn. Thus for allt, my < 242kn, ry < 14 (4+4kn)Ina,
and Sy = O((knlog ) /€?).

We have not yet shown that Mpnp ¢ mixes rapidly, but Theorem B and our
preliminary empirical results (Sect. BI) lead us to believe that it does, at least
under appropriate conditions.

One issue with this algorithm is that after training, we still require the train-
ing examples and running Mpyr,: to evaluate the hypothesis on a new example.
In lieu of this, we can, after training, run a Metropolis process to find the terms
with the largest weights. The result is a set of rules, and the prediction on a new
example can be a thresholded sum of weights of satisfied rules, using the same
threshold 6. The only issue then is to determine how many terms to select. If we
focus on the generalized DNF representations of Sect. B.l, then each example
satisfies exactly 2" terms (out of []!_; (k; +1)). Thus for an example to be clas-
sified as positive, the average weight of its satisfied terms must be at least 6/2".
Thus one heuristic is to use the Metropolis process to choose as many terms as
possible with weight at least §/2™. Using this pruned set of rules, no additional
false positives will occur, and in fact the number will likely be reduced. The only
concern is causing extra false negatives.

3 Preliminary Empirical Results

3.1 Learning DNF Formulas

In our DNF experiments, we used generalized DNF representations. The set

of terms and the instance space were both H?Z_Ol{(),...,ki}, where k; is the
number of values for feature i. A term p = (po, . .., pn—1) is satisfied by example
x = (20,...,Tn-1) i Vp; >0, p; = x;. So p; = 0 = x; is irrelevant for term p

and p; > 0 = x; must equal p; for p to be satisfied. If z; = 0 for some ¢ then
we assume it is unspecified.

We generated random (from a uniform distribution) 5-term DNF formulas,
using n € {10, 15,20}, with k; = 2 for all i. So the total number of Winnow inputs
was 319 = 59049, 3'° = 1.43x 107, and 3%° = 3.49 x 10°. For each value of n there
were nine training/testing set combinations, each with 50 training examples and
50 testing examples. Examples were generated uniformly at random.

Table [ gives averagedﬁ results for n = 10, indexed by S and T (“BF”
means brute-force). “GUESS” is the average error of the estimates. “LOW” is

5 The number of weight estimations made per row in the table varied due to a varying
number of training rounds, but typically was around 3000.
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the fraction of guesses that were < 6 when the actual value was > 6, and “HIGH”
is symmetric. These are the only times our algorithm deviates from brute-force.
“PRED?” is the prediction error on the test set and “Sipe,” is S from Theorem [7]
that guarantees an error of GUESS given the values of r; in our simulations.

Both GUESS and HIGH are very sensitive to 1" but not as sensitive to .S.
LOW was negligible due to the distribution of weights as training progressed: the
term p. = 0 (satisfied by all examples) had high weights. Since all computations
started at 0 and Mpnr,; seeks out nodes with high weights, the estimates tended
to be too high rather than too low. But this is less significant as S and T increase.
In addition, note that PRED does not appear correlated to the accuracy of the
weight guesses, and most of them are very near that for brute-force. We feel
that this is coincidental, and that the only way to ensure a good hypothesis is to
choose S and T sufficiently large such that GUESS, LOW, and HIGH are small,
e.g. S =100 and T = 300. For these values, training and testing took an average
of 10.286 minutes per example, while brute-force took 0.095 min/example. So
for n = 10, Mpnr,; is slower than brute-force by a factor of over 108. Finally,
we note that in our runs with S = 100 and T" = 300, the values of 1, used ranged
from 19-26 and averaged 21.6.

Table 1. Mpyr ; results for n = 10 and r chosen as in Sect. 2:2]

S T GUESS LOW HIGH PRED  Siheo

100 100 0.4713 0.0000 0.1674 0.0600 2.23 x 10°
100 200 0.1252 0.0017 0.0350 0.0533 3.16 x 10°
100 300 0.0634 0.0041 0.0172 0.0711 1.23 x 107
100 500 0.0484 0.0091 0.0078 0.0844 2.11 x 107
500 100 0.4826 0.0000 0.1594 0.1000 2.13 x 10°
500 200 0.1174 0.0000 0.0314 0.0600 3.60 x 10°
500 300 0.0441 0.0043 0.0145 0.0867 2.55 x 107
500 500 0.0232 0.0034 0.0064 0.0800 9.16 x 107
BF 0.0730

Since the run time of our algorithm varies linearly in r, we ran some ex-
periments where we fixed r rather than letting it be set as in Sect. We set
S =100, T = 300 and r € {5,10,15,20}. The results are in Table[2. This indi-
cates that for the given parameter values, r can be reduced a little below that
which is stipulated in Sect.

Results for n = 15 appear in Table B The trends for n = 15 are similar to
those for n = 10. Brute-force is faster than Mpng, at S = 500 and T" = 1500,
but only by a factor of 16. Finally, we note that in our runs with S = 500 and
T = 1500, the values of r; used ranged from 26-40 (average was 33.2).

As with n = 10, r can be reduced to speed up the algorithm, but at a cost
of increasing the errors of the predictions (e.g. see Table[|(a)). We ran the same
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Table 2. Mpnr,; results for n = 10, S = 100, and T' = 300

r GUESS LOW HIGH PRED

5 0.1279 0.0119 0.0203 0.0844
10 0.0837 0.0095 0.0189 0.0867
15 0.0711 0.0058 0.0159 0.0800
20 0.0638 0.0042 0.0127 0.0889
BF 0.0730

Table 3. Mpnr, results for n = 15 and r chosen as in Sect.

S T GUESS LOW HIGH PRED  Sipeo

500 1500 0.0368 0.0028 0.0099 0.0700 5.01 x 107
500 1800 0.0333 0.0040 0.0049 0.0675 6.12 x 107
500 2000 0.0296 0.0035 0.0023 0.0675 7.68 x 107
1000 1500 0.0388 0.0015 0.0042 0.0650 4.51 x 107
1000 1800 0.0253 0.0006 0.0038 0.0775 1.06 x 108
1000 2000 0.0207 0.0025 0.0020 0.0800 1.58 x 108
BF 0.0800

experiments with a training set of size 100 rather than 50 (the test set was still
of size 50), summarized in Table @(b). As expected, error on the guesses changes
little, but prediction error is decreased.

Table 4. MpnF,;: results for n = 15, S = 500, and T = 1500, and a training set of
size (a) 50 and (b) 100

(a) (b)
r GUESS LOW HIGH PRED r GUESS LOW HIGH PRED
10 0.0572 0.0049 0.0132 0.1075 10 0.0577 0.0046 0.0478 0.0511
20 0.0444 0.0033 0.0063 0.0756 20 0.0456 0.0032 0.0073 0.0733
30 0.0407 0.0022 0.0047 0.0822 30 0.0405 0.0044 0.0081 0.0689
BF 0.0800 BF 0.0356

For n = 20, no exact (brute-force) sums were computed since there are over
3 billion inputs. So we only examined the prediction error of our algorithm.
The average error over all runs was 0.11 with S = 1000, T = 2000, r set as
in Sect. 22, and a training set of size 100. The average value of r used was 55
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(range was 26-78), and the run time was approximately 30 minutes/ exampleﬁl
Brute-force evaluation on a few examples required roughly 135 hours/example, a
270-fold slowdown. Thus for this case our algorithm provides a significant speed
advantage. When running our algorithm with a fixed value of r = 30 (reducing
time per example by almost a factor of 2), prediction error increases to 0.1833.

In summary, even though our experiments are for small values of n, they
indicate that relatively small values of S, T', and r are sufficient to minimize
our algorithm’s deviations from brute-force Winnow. Thus we conjecture that
Mpnr,: does mix rapidly, at least for the uniformly random data in our ex-
periments. In addition, our algorithm becomes significantly faster than that of
brute-force somewhere between n = 15 and n = 20, which is small for a ma-
chine learning problem. However, our implementation is still extremely slow,
taking several days or longer to finish training when n = 20 (evaluating the
learned hypothesis is also slow). Thus we are actively seeking heuristics to speed
up learning and evaluation, including parallelization of the independent Markov
chain simulations and using a Metropolis process (Sect. 2.2) after training to
return as a hypothesis only the subset of high-weight terms.

3.2 Pruning an Ensemble

For the Weighted Majority experiments, we used AdaBoost over decision shrubs
(depth-2 decision trees) generated by C4.5 to learn hypotheses for an artificial
two-dimensional data set. The target concept is a circle and the examples are dis-
tributed around its circumference, each point’s distance from the circle normally
distributed with zero mean and unit variance. We created an ensemble of 10
classifiers and simulated WM withl] S € {50,75,100} and T € {500, 750, 1000}
on the set of 2!° prunings and compared the values computed for () to the
true values from brute-force WM. The results are in Table [B: “|§2;"|” denotes
the error of our estimates of |2F|, “X;,” denotes the error of our estimates of
the ratios Wt (avu)/ Wi (i_14), and “W;"(a)” denotes the error of our esti-
mates of W, (a). Finally, “DEPARTURE” indicates our algorithm’s departure
from brute-force WM, i.e. in these experiments our algorithm perferctly emu-
lated brute-force. Finally, we note that other early results show that for n = 30,
S = 200, and T = 2000, our algorithm takes about 4.5 hours/example to run,
while brute-force takes about 2.8 hours/example. Thus we expect our algorithm
to run faster than brute-force at about n = 31 or n = 32.

4 Conclusions and Future Work

We have shown how MCMC methods can be used to approximate the weighted
sums for multiplicative weight update algorithms, particularly when applying

5 Runs for n = 20 were on a different machine than those for n = 10.
" Note that the estimation of [£2;"| required an order of magnitude larger values of S
and T than did the estimation of the ratios to get sufficiently low error rates.
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Table 5. M{;VM , results for n = 10 and r chosen as in Sect. 2]

s T |2} Xi: W, (o) DEPARTURE
50 500 0.0423 0.00050 0.0071 0.0000
50 750 0.0332 0.00069 0.0061 0.0000
50 1000 0.0419 0.00068 0.0070 0.0000
75 500 0.0223 0.00067 0.0050 0.0000
75 750 0.0197 0.00047 0.0047 0.0000
75 1000 0.0276 0.00058 0.0055 0.0000
100 500 0.0185 0.00040 0.0047 0.0000
100 750 0.0215 0.00055 0.0050 0.0000
100 1000 0.0288 0.00044 0.0056 0.0000

WM to ensemble pruning and applying Winnow to learning DNF formulas. We
presented some theoretical and preliminary empirical results.

One obvious avenue of future work is to more generally bound the mixing
times of our Markov chains and to prove theoretical results of our Metropolis
processes. Based on our current theoretical and empirical results, we believe that
both chains mix rapidly under appropriate conditions. There is also the question
of how to elegantly choose S and T for empirical use to balance time complexity
and precision. While it is important to accurately estimate the weighted sums in
order to properly simulate WM and Winnow, some imperfections in simulation
can be handled since incorrect simulation decisions can be treated as noise,
which Winnow and WM can tolerate. Ideally, the algorithms would intelligently
choose S and T based on past performance, perhaps (for Winnow) utilizing the
brute-force upper bound of af on all weights (since no promotions can occur
past that point). So Vp, u:(p) — v:(p) < 1+ |log, #]. If this bound is exceeded
during a run of Winnow, then we can increase S and T and run again. Finally,
we are exploring heuristics to accelerate learning and hypothesis evaluation in
our implementations (Sect. B.I).
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Abstract. In this paper we study online classification algorithms for
multiclass problems in the mistake bound model. The hypotheses we use
maintain one prototype vector per class. Given an input instance, a mul-
ticlass hypothesis computes a similarity-score between each prototype
and the input instance and then sets the predicted label to be the index
of the prototype achieving the highest similarity. To design and analyze
the learning algorithms in this paper we introduce the notion of ultracon-
servativeness. Ultraconservative algorithms are algorithms that update
only the prototypes attaining similarity-scores which are higher than the
score of the correct label’s prototype. We start by describing a family of
additive ultraconservative algorithms where each algorithm in the family
updates its prototypes by finding a feasible solution for a set of linear
constraints that depend on the instantaneous similarity-scores. We then
discuss a specific online algorithm that seeks a set of prototypes which
have a small norm. The resulting algorithm, which we term MIRA (for
Margin Infused Relaxed Algorithm) is ultraconservative as well. We de-
rive mistake bounds for all the algorithms and provide further analysis of
MIRA using a generalized notion of the margin for multiclass problems.

1 Introduction

In this paper we present a general approach for deriving algorithms for multiclass
prediction problems. In multiclass problems the goal is to assign one of k labels
to each input instance. Many machine learning problems can be phrased as a
multiclass categorization problem. Examples to such problems include optical
character recognition (OCR), text classification, and medical analysis. There
are numerous specialized solutions for multiclass problems for specific models
such as decision trees [316] and neural networks. Another general approach is
based on reducing a multiclass problem to multiple binary problems using output
coding [6IT]. An example of a reduction that falls into the above framework is
the “one-against-rest” approach. In one-against-rest a set of binary classifiers is
trained, one classifier for each class. The ith classifier is trained to distinguish
between the ith class and the rest of the classes. New instances are classified by
setting the predicted label to be the index of the classifier attaining the highest
score in its prediction. We present a unified approach that operates directly on
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the multiclass problem by imposing constraints on the updates for the various
classes. Thus, our approach is inherently different from methods based on output
coding.

Our framework for analyzing the algorithms is the mistake bound model. The
algorithms we study work in rounds. On each round the proposed algorithms get
a new instance and output a prediction for the instance. They then receive the
correct label and update their predication rule in case they made a prediction
error. The goal of the algorithms is to minimize the number of mistakes they
made compared to the minimal number of errors that an hypothesis, built offline,
can achieve.

The algorithms we consider in this paper maintain one prototype vector for
each class. Given a new instance we compare each prototype to the instance by
computing the similarity-score between the instance and each of the prototypes
for the different classes. We then predict the class which achieves the highest
similarity-score. In binary problems, this scheme reduces (under mild conditions)
to a linear discriminator. After the algorithm makes a prediction it receives the
correct label of the input instance and updates the set of prototypes. For a given
input instance, the set of labels that attain similarity-scores higher than the
score of correct label is called the error set. The algorithms we describe share
a common feature: they all update only the prototypes from the error sets and
the prototype of the correct label. We call such algorithms wultraconservative.

We start in Sec. Blin which we provide a motivation for our framework. We do
that by revisiting the well known perceptron algorithm and give a new account
of the algorithm using two prototype vectors, one for each class. We then extend
the algorithm to a multiclass setting using the notion of ultraconservativeness.
In Sec. @ we further generalize the multiclass version of the extended perceptron
algorithm and describe a new family of ultraconservative algorithms that we
obtain by replacing the perceptron’s update with a set of linear equations. We
give a few illustrative examples of specific updates from this family of algorithms.
Going back to the perceptron algorithm, we show that in the binary case all the
different updates reduce to the perceptron algorithm. We finish Sec.[d by deriving
a mistake bound that is common to all the additive algorithms in the family. We
analyze both the separable and the non-separable case.

The fact that all algorithms from Sec. [ achieve the same mistake bound
implies that there are some undetermined degrees of freedom. We present in
Sec. [{ a new online algorithm that gives a unique update and is based on a
relaxation of the set of linear constraints employed by the family of algorithms
from Sec. @ The algorithm is derived by adding an objective function that
incorporates the norm of the new matrix of prototypes and minimizing it subject
to a subset of the linear constraints. Following recent trend, we call the new
algorithm MIRA for Margin Infused Relaxed Algorithm. We analyze MIRA and
give a mistake bound related to the instantaneous margin of individual examples.
This analysis leads to modification of MIRA which incorporates the margin into
the update rule. Both MIRA and of the additive algorithms from Sec. @ can be
combined with kernels techniques and voting methods.
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The algorithms presented in this paper underscore a general framework for
deriving ultraconservative multiclass algorithms. This framework can be used
in combination with other online techniques. To conclude, we outline some of
our current research directions. Due to the lack of space many of the proofs and
some of the results have omitted. They will appear in a forthcoming long version
of this paper.

Related Work. Multiclass extensions to binary approaches by maintaining mul-
tiple prototypes are by no means new. The widely read and cited book by
Duda and Hart [7] describes a multiclass extension to the perceptron that em-
ploys multiple vectors. However, direct methods for online learning of multiclass
problems in the mistake bound model have received relatively little attention.

A question that is common to numerous online algorithms is how to compro-
mise the following two demands. On one hand, we want to update the classifier
we learn so that it will better predict the current input instance, in particular if
an error occurs when using the current classifier. On the other hand, we do not
want to change the current classifier too radically, especially if it classifies well
most of the previously observed instances. The good old perceptron algorithm
suggested by Rosenblatt [I7] copes with these two requirements by replacing the
classifier with a linear combination of the current hyperplane and the current in-
stance vector. Although the algorithm uses a simple update rule, it performs well
on many synthetic and real-world problems. The perceptron algorithm spurred
voluminous work which clearly cannot be covered here. For an overview of nu-
merous additive and multiplicative online algorithms see the paper by Kivinen
and Warmuth [12]. We outline below some of the research that is more relevant
to the work presented in this paper.

Kivinen and Warmuth [12] presented numerous online algorithms for regres-
sion. Their algorithms are based on minimization of an objective function which
is a sum of two terms. The first term is equal to the distance between the new
classifier and the current classifier while the second term is the loss on the current
example. The resulting update rule can be viewed as a gradient-descent method.
Although multiclass classification problems are a special case of regression prob-
lems, the algorithms for regression put emphasis on smooth loss functions which
might not be suitable for classification problems.

The idea of seeking a hyperplane of a small norm is a primary goal in sup-
port vector machines (SVM) [418]. Algorithms for constructing support vector
machines solve optimization problems with a quadratic objective function and
linear constraints. The work in [2[9] suggests to minimize the objective func-
tion in a gradient-decent method, which can be performed by going over the
sample sequentially. Algorithms with a similar approach include the Sequential
Minimization Optimization (SMO) algorithm introduced by Platt [I5]. SMO
works on rounds, on each round it chooses two examples of the sample and min-
imizes the objective function by modifying variables relevant only to these two
examples. While these algorithms share some similarities with the algorithmic
approaches described in this paper, they were all designed for batch problems
and were not analyzed in the mistake bound model.
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Another approach to the problem of designing an update rule which results
in a linear classifier of a small norm was suggested by Li and Long [13]. The
algorithm Li and Long proposed, called ROMMA, tackles the problem by find-
ing a hyperplane with a minimal norm under two linear constraints. The first
constraint is presented so that the new classifier will classify well previous exam-
ples, while the second rule demands that the hyperplane will classify correctly
the current new instance. Solving this minimization problem leads to an additive
update rule with adaptive coefficients.

Grove, Littlestone and Schuurmans [11] introduced a general framework of
quasi-additive binary algorithms, which contain the perceptron and Winnow as
special cases. In [10] Gentile proposed an extension to a subset of the quasi-
additive algorithms, which uses an additive conservative update rule with de-
creasing learning rates.

The algorithms presented in this paper are reminiscent of some of the widely
used methods for constructing classifiers in multiclass problems. As mentioned
above, a popular approach for solving classification problems with many classes
is to learn a set of binary classifiers where each classifier is designed to separate
one class from the rest of classes. If we use the perceptron algorithm to learn the
binary classifiers, we need to maintain and update one vector for each possible
class. This approach shares the same form of hypothesis as the algorithms pre-
sented in this paper, which maintain one prototype per class. Nonetheless, there
is one major difference between the ultraconservative algorithms we present and
the one-against-rest approach. In one-against-rest we update and change each of
the classifiers independently of the others. In fact we can construct them one after
the other by re-running over the data. In contrast, ultraconservative algorithms
update all the prototypes in tandem thus updating one prototype has a global
effect on the other prototypes. There are situations in which there is an error
due to some classes, but not all the respective prototypes should be updated.
Put another way, we might perform milder changes to the set of classifiers by
changing them together with the prototypes so as to achieve the same goal. As
a result we get better mistake bounds and empirically better algorithms.

2 Preliminaries

The focus of this paper is online algorithms for multiclass prediction problems.
We observe a sequence (z1,y1),..., (&, y!),... of instance-label pairs. Each in-
stance Z' is in R™ and each label belongs to a finite set ) of size k. We assume
without loss of generality that Y = {1,2,...,k}. A multiclass classifier is a func-
tion H(Z) that maps instances from R" into one of the possible labels in Y. In
this paper we focus on classifiers of the form H(Z) = argmax®_, {M, - 7}, where
M is a k x n matrix over the reals and M, € R™ denotes the rth row of M. We
call the inner product of M, with the instance Z, the similarity-score for class
r. Thus, the classifiers we consider in this paper set the label of an instance to
be the index of the row of M which achieves the highest similarity-score. The
margin of H on 7 is the difference between the similarity-score of the correct
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label y and the maximum among the similarity-scores of the rest of the rows of
M. Formally, the margin that M achieves on (Z,y) is,

M, -z — max{M, -z} .
r#y

1

The I, norm of a vector @ = (uy,...,u;) in R' is ||@|, = 22:1 |ui\p)p. We
define the [, vector-norm of a matrix M to be the [, norm of the vector we get

by concatenating the rows of M, that is,
M, = [(My, ..., M),
The framework that we use in this paper is the mistake bound model for
online learning. The algorithms we consider work in rounds. On round ¢ an
online learning algorithm gets an instance . Given !, the learning algorithm
outputs a prediction, §* = arg max,.{ M,.-#'}. It then receives the correct label y*
and updates its classification rule by modifying the matrix M. We say that the
algorithm made a (multiclass) prediction error if g # y*. Our goal is to make as
few prediction errors as possible. When the algorithm makes a prediction error
there might be more than one row of M achieving a score higher than the score
of the row corresponding to the correct label. We define the error-set for (z,y)
using a matrix M to be the index of all the rows in M which achieve such high
scores. Formally, the error-set for a matrix M on an instance-label pair (z,y) is,

E={r#y:M, 2> M, -z}.

Many online algorithms update their prediction rule only on rounds on which
they made a prediction error. Such algorithms are called conservative. We give
a definition that extends the notion of conservativeness to multiclass settings.

Definition 1 (Ultraconservative). An online multiclass algorithm of the
form H(z) = arg max,.{ M, -z} is ultraconservative if it modifies M only when the
error-set E for (Z,y) is not empty and the indices of the rows that are modified
are from E U {y}.

Note that our definition implies that an ultraconservative algorithm is also
conservative. For binary problems the two definitions coincide.

3 From Binary to Multiclass

Roseneblatt’s perceptron algorithm [I7] is a well known online algorithm for
binary classification problems. The algorithm maintains a weight vector w € R™
that is used for prediction. To motivate our multiclass algorithms let us now
describe the perceptron algorithm using the notation employed in this paper. In
our setting the label of each instance belongs to the set {1,2}. Given an input
instance T the perceptron algorithm predicts that its label isg=1iff w-z >0
and otherwise it predicts y = 2. The algorithm modifies w only on rounds with
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-x/2

M -x/2
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Fig. 1. A geometrical illustration of the update for a binary problem (left) and a four-
class problem (right) using the extended perceptron algorithm.

prediction errors and is thus conservative. On such rounds w is changed to w+ Z
if the correct label is y = 1 and to w — z if y = 2.

To implement the perceptron algorithm using a prototype matrix M with one
row (prototype) per class, we set the first row M; to w and the second row My
to —w. We now modify M every time the algorithm misclassifies Z as follows. If
the correct label is 1 we replace M with My + % and M, with M, — Z. Similarly,
we replace My with M; — Z and M, with My + Z when the correct label is 2 and
Z is misclassified. Thus, the row M, is moved toward the misclassified instance
Z while the other row is moved away from Z. Note that this update implies that
the total change to the two prototypes is zero. An illustration of this geometrical
interpretation is given on the left-hand side of Fig. [l It is straightforward to
verify that the algorithm is equivalent to the perceptron algorithm.

We can now use this interpretation and generalize the perceptron algorithm
to multiclass problems as follows. For k classes maintain a matrix M of k rows,
one row per class. For each input instance Z, the multiclass generalization of the
perceptron calculates the similarity-score between the instance and each of the
k prototypes. The predicted label, ¢, is the index of the row (prototype) of M
which achieves the highest score, that is, § = arg max,«{M z}. I § # y the
algorithm moves M toward Z by replacing M with M + Z. In addition, the
algorithm moves each row M, (r # y) for Wthh M, -z 2 M, - & away from Z.
The indices of these rows constitute the error set E. The algorithms presented in
this paper, and in particular the multiclass version of the perceptron algorithm,
modify M such that the following property holds: The total change in units of
in the rows of M that are moved away from Z is equal to the change of My7 (in
units of ). Specifically, for the multiclass perceptron we replace M, with M, +
and for each r in E we replace M, with M, —z/|E|. A geometric 111ubtrat10n of
this update is given in the right-hand side of Fig. [l There are four classes in the
example appearing in the figure. The correct label of Z is y = 1 and since M;
is not the most similar vector to Z, it is moved toward Z. The rows My and M;
are also modified by subtracting a:/ 2 from each one. The last row M), is not in
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the error-set since M - & > My - & and therefore it is not modified. We defer the
analysis of the algorithm to the next section in which we describe and analyze
a family of online multiclass algorithms that also includes this algorithm.

4 A Family of Additive Multiclass Algorithms

We describe a family of ultraconservative algorithms by using the algorithm of
the previous section as our starting point. The algorithm is ultraconservative and
thus updates M only on rounds with predictions errors. The row My is changed
to M, + z while for each r € E we modify M, to M, — z/|E|. Let us introduce
a vector of weights 7 = (71,...,7;) and rewrite the update of the rth row as
M, +7,%. Thus, for r = y we have 7,. = 1, for r € E we set 7, = —1/|E|, and for
r & EU{y}, 7. is zero. The weights 7 were chosen such that the total change
of the rows of M whose indices are from E are equal to the change in M,, that
is, 1 =7, = = > g 7 If we do not impose the condition that for r € E all the
7,’s attain the same value, then the constraints on 7 become ZreEU{y} 7 = 0.
This constraint enables us to move the prototypes from the error-set E away
from Z in different proportions as long as the total change is sum to one. The
result is a whole family of multiclass algorithms. A pseudo-code of the family of
algorithms is provided in Fig. 2l Note that the constraints on 7 are redundant
and we could have used less constraints. We make use of this more elaborate set
of constraints in the next section.

Before analyzing the family of algorithms we have just introduced, we give a
few examples of specific schemes to set 7. We have already described one update
above which sets 7T to,

fﬁ rekl
Tr = lr=y
0 otherwise .

Since all the 7’s for rows in the error-set are equal, we call this the uniform
multiclass update. We can also be further conservative and modify in addition
to M, only one other row in M. A reasonable choice is to modify the row that
achieves the highest similarity-score. That is, we set 7 to,

—1 7 = argmax,{ M, - 7}
T = lr=y
0 otherwise .

We call this form of updating 7 the worst-margin multiclass update. The two
examples above set 7, for r € E to a fixed value, ignoring the actual values of
similarity-scores each row achieves. We can also set 7 in promotion to the excess
in the similarity-score of each row in the error set (with respect to M, ). For
instance, we can set T to be,
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Initialize: Set M =0 (M € R**") .
Loop: Fort=1,2,...,T

— Get a new instance z¢ € R".

— Predict §' = arg IP%;({MT -z}

— Get a new label y°.

—Set E={r#y" : M, -z' > M, -z'}.

If E # 0 update M by choosing any 77, ..., 7} that satisfy:
1. 7t <6pye for r=1,... k.

2. Ele Tt =0.
3.7t=0forr¢ EU{y'}.
4. T;t =1.

— Forr=1,2,...,k update: M, < M, + 7!zt .
Output : H(z) = argmax,{M, - z}.

Fig. 2. A family of additive multiclass algorithms.

where [z]4+ is equal to z if z > 0 and zero otherwise. Note that the above update
implies that 7. = 0 for r € F U {y}. We now proceed to analyze the algorithms.

4.1 Analysis

In the analysis of the algorithms of Fig. Pl we use the following auxiliary lemma.

Lemma 1. For any set {r1,...,T,} such that, Z:f:l 7. =0 and 7 < 6,y for
r=1,...,k, then > 72 <27, <2.

We now give the main theorem of this section.

Theorem 1. Let (z',y%),....(2T,yT) be an input sequence for any multi-
class algorithm from the family described in Fig. [@ where @ € R™ and y' €
{1,2,...,k}. Denote by R?> = max, ||7||%. Assume that there is a matriz M* of
a unit vector-norm, ||M*|| = 1, that classifies the entire sequence correctly with
margin vy = mint{M;} &' —max,, M} -Z'} > 0. Then, the number of mistakes
that the algorithm makes is at most 2R? /2.

Proof. Assume that an error occurred when classifying the tth example (Z¢, y?)
using the matrix M. Denote by M’ the updated matrix after round ¢. That is, for
r=1,2,...,k we have M. = M, + 7! z'. To prove the theorem we bound || M]||2
from above and below. First, we derive a lower bound on ||M]|? by bounding the
term,
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We further develop the second term of Eq. using the second constraint of the
algorithm (Zk Tt = 0) Substituting 7,0 = — Z#yt 7! we get,

r=1"Tr
St (017 3) = Y0 7k (W) e (V)
r r#yt
=Sty = Y A (- 7
r#yt r#yt
= > (=) (M5 - a17) -2t (2)
r#yt

Using the assumption that M* classifies each instance with a margin of at least
v and that 7, = 1 (fourth constraint) we obtain,

Do) 2y (- y=Tpr =7, (3)
T r#y’
Combining Eq. (@) and Eq. @) we get, >, M- M, > 3" M} - M, + . Thus, if
the algorithm made m mistakes in T rounds then the matrix M satisfies,

ZM:'MTZ”W (4)

Using the vector-norm definition and applying the Cauchy-Schwartz inequality
we get,

IV = (28 I8 12 ) (S0 127 ) i
> (M, - NI} + ...+ M, - M) :(Z’jleT-M;ﬁ)z. )

Plugging Eq. @) into Eq. (@) and using the assumption that M* is of a unit
vector-norm we get the following lower bound,

M2 > m?y? . (6)

Next, we bound the vector-norm of M from above. As before, assume that an
error occurred when classifying the example (z¢,y") using the matrix M and
denote by M the matrix after the update. Then,

INP = 3200017 = 321+
—ZHM P +2 X (3t +Z||T%tn2
—||M||2+2Z (80, - 2) + 12" Z (7)

We further develop the second term using the second constraint of the algorithm
and analogously to Eq. (@) we get,

SO (03t = S (=) (M — L) -3

T r#yt
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Since z! was misclassified we need to consider the following two cases. The first
case is when the label r was not the source of the error, that is (M, —M,.)-z* > 0.
Then, using the third constraint (r ¢ E U {y'} = 7! = 0) we get that 7\ = 0 and
thus (—7%) (Myt — ]\Zfr) -Z' = 0. The second case is when one of the sources of
error was the label 7. In that case (M, — M,.)-z' < 0. Using the first constraint
of the algorithm we know that 77 < 0 and thus (—7f) (M — M,) - 2" < 0.
Finally, summing over all r we get,

er (M, -z') <0. (8)

Plugging Eq. [®) into Eq. (@) we get, M [|2 < [M||?+[|z*]|]> 3,.(7})2. Using the
bound ||z![|? < R? and Lemma [[l we obtain,

M2 < M1 + 2| R 9)
Thus, if the algorithm made m mistakes in T" rounds, the matrix M satisfies,
M| < 2m|[R||* . (10)

Combining Eq. (@) and Eq. (I0), we have that, m?4? < ||[M|]? < 2m/| R|? , and
therefore, m < 2R? /2. |

We would like to note that the bound of the above theorem reduces to the
perceptrons mistake bound in the binary case (k = 2). To conclude this section
we analyze the non-separable case by generalizing Thm. 2 of Freund and Schapire
[8] to a multiclass setting.

Theorem 2. Let (z',y'),..., (@7, yT) be an input sequence for any mul-
ticlass algorithm from the family described in Fig. B where 3¢ € R"
and y* € {1,2,...,k}. Denote by R?> = max, ||z'||?>. Let M* be a pro-
totype matriz of a wunit wvector-norm, |[M*|| = 1, and define, d* =
max{O, v — [M;‘t -2 — max, 4, M jt]} Denote by D? = ZtT:l(dt)2 and
fix some v > 0. Then the number of mistakes the algorithm makes is at most
2(R+ D)?/~2.

Proof. The case D = 0 follows from Thm. [1] thus we can assume that D > 0.
The theorem is proved by transforming the non-separable setting to a separable
one. To do so, we extend each instance z' € R" to zt € R as follows. The
first n coordinates of z! are set to Z'. The n-+t coordinate of z! is set to A,
which is a positive real number whose value is determined later; the rest of
the coordinates of z! are set to zero. We similarly extend the matrix M* to
W+ € RFX(HT) a5 follows. We set the first n columns W* to be %M* For each

row r we set W, ., to % if y* = r and zero otherwise. We choose the value
of Z so that [[W*|ly = 1, hence, 1 = [[W*|}3 = % (1 + %ﬁ) which gives that,

Z =4/1+ g—i. We now show that W* achieves a margin of Z on the extended
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data sequence. Note that for all r and t, Wy - z' = £ (M} -z + 6, ,d"). Now,
using the definition of d* we get,

T T 1 1, -
Wy 2 (7 2} = 5 (V5 + @) e { (01729
1, 1[_, o
1 . L
=7 (”‘ [ g @ (M2 }D
1 _
g [ 02
Y
= 11
Z (11)
We also have that,
J12 = lat 2 + A% < R? 4 A2, (12)
In summary, Eq. (TT)) and Eq. (TZ) imply that the sequence (z,%'),..., (7, y")
is classified correctly with margin % and each instance z' is bounded above by

R? 4+ A2 Thus, we can use Thm. [[l and conclude that the number of mistakes
that the algorithm makes on (z,4%),..., (27, y") is bounded from above by,

R* 4+ A?
2— .
(2)

Minimizing Eq. (I3) over A we get that the optimal value for A is v DR and
the tightest mistake bound is, 2(D + R)?/v%. To complete the proof we show
that the prediction of the algorithm in the extended space and in the original
space are equal. Namely, let M! and W* be the value of the parameter matrix
just before receiving Z¢ and z¢, respectively. We need to show that the following
conditions hold for t =1,...,T :

(13)

1. The first n columns of W' are equal to M.
2. The (n+t)th column of W* is equal zero.
3. M-zt =Wt -zt forr=1,...,k.

The proof of these conditions is straightforward by induction on ¢. [ |

5 A Norm-Optimized Multiclass Algorithm

In the previous section we have described a family of algorithms where each
algorithm of the family achieves the same mistake bound given by Thm. [Tl and
Thm. 2l This variety of equivalent algorithms suggests that there are some de-
grees of freedom that we might be able to exploit. In this section we describe an
online algorithm that chooses a feasible vector 7% such that the vector-norm of
the matrix M will be as small as possible.
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Initialize: Set M # 0 M e RF*™,
Loop: Fort=1,2,...,T

— Get a new instance z°.

— Predict §* = argmax,{M, - z'}.

— Get a new label y.

— Find 7! that solves the following optimization problem:

min% > ”MT + 773
subject to : (1) 7, < §p e forr=1,... k

k
(2) ETzl Tr = 0
— Update : M, < M, +7t2" for r=1,2,....k .
Output : H(z) = argmax,{M, - T}.

Fig. 3. The Margin Infused Relaxed Algorithm (MIRA).

To derive the new algorithm we omit the fourth constraint (7, = 1) and thus
allow more flexibility in choosing 7¢, or smaller changes in the prototype ma-
trix. Previous bounds provides motivation for the algorithms in this section. We
choose a vector 7! which minimizes the vector-norm of the new matrix M subject
to the first two constraints only. As we show in the sequel, the solution of the
optimization problem automatically satisfies the third constraint. The algorithm
attempts to update the matrix M on each round regardless of whether there was
a prediction error or not. We show below that the algorithm is ultraconservative
and thus 7! is the zero vector if Z' is correctly classified (and no update takes
place). Following the trend set by Li and Long [13] and Gentile [10], we term
our algorithm MIRA for Margin Infused Relaxed Algorithm. The algorithm is
described in Fig. Bl

Before investigating the properties of the algorithm, we rewrite the opti-
mization problem that MIRA solves on each round in a more convenient form.
Omitting the example index ¢ the objective function becomes,

1 - 1 _ _ 1
5 2 M+ P = 2 NP+ e (M- 7) 4+ 5 e

Omitting § >, [[M,||* which is constant, the quadratic optimization problem
becomes,

k k
: 1 2
InTlIl Q(T) = §A;TT + ;BTTT (14)
subject to: Vr 7.<4,, and } 7.=0

where, -
A=|z|* and B,= M, 7. (15)
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Since Q is a quadratic function, and thus convex, and the constraints are linear,
the problem has a unique solution.

We now show that MIRA automatically satisfies the third constraint of the
family of algorithms from Sec. @] which implies that it is ultraconservative. We
use the following auxiliary lemma.

Lemma 2. Let 7 be the optimal solution of the constrained optimization problem
given by Eq. (I4) for an instance-label pair (T,y). For each v # y such that
B, < B, we have 1, = 0.

The lemma implies that if a label r is not a source of error, then the rth pro-
totype, M, is not updated after (Z,y) has been observed. In other words, the
solution of Eq. (I4) satisfies that 7. = 0 for all r # y with (MT T <M, - f)

Corollary 1. MIRA is ultraconservative.

Proof. Let (Z,y) be a new example fed to the algorithm. And let 7 be the
coefficients found by the algorithm. From Lemma [ we get that for each label r
whose score (M, - Z) is not larger than the score of the correct label (M, - T) its
corresponding value 7, is set to zero. This implies that only the indices which
belong to the set EU{y} = {r #y: M, -z > M, -z} U {y} may be updated.
Furthermore, if the algorithm predicts correctly that the label is y, we get that
E =0 and 7, = 0 for all » # y. In this case 7, is set to zero due to the constraint
D Tr =Ty + >4, 7 = 0. Hence, 7 = 0 and the algorithm does not modify M
on (Z,y). Thus, the conditions required for ultraconservativeness are satisfied.
|

In Sec. [5.2] we give a detailed analysis of MIRA that incorporates the margin
achieved on each example, and can be used to derive a mistake bound. Let us
first show that the cumulative {;-norm of the coefficients 7 is bounded.

Theorem 3. Let (z',y'),..., (27, y") be an input sequence to MIRA where
' € R" and y* € {1,2,...,k}. Let R = max, ||7!||?> and assume that there is a
prototype matriz M* of a unit vector-norm, ||M*|| = 1, which classifies the entire
sequence correctly with margin v = ming{ M, - T* — max, e M} &'} > 0. Let 7*
be the coefficients that MIRA finds for (z',y"). Then, Zthl 178, < 4R%/~2.

The proof is omitted due to lack of space.

5.1 Characteristics of the Solution

Let us now further examine the characteristics of the solution obtained by MIRA.
In [5] we investigated a related setting that uses error correcting output codes
for multiclass problems. Using the results from [5] it is simple to show that the
optimal 7 in Eq. (I4) is given by

7, = min{6* — %, Sy} (16)
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where A = ||Z||? and B, = M, - ¥ is the similarity-score of (z,y) for label r, as
defined by Eq. (I&). The optimal value 6* is uniquely defined by the equality
constraint ) . 7, = 0 of Eq. (I4)) and satisfies, Zle min{#* — Z=. 5, .} = 0. We
now can view MIRA in the following alternative light. Assume that the instance
(Z,y) was misclassified by MIRA and set E = {r £y : M, -2 > M, -z} # (.
The similarity-score for label r of the new matrix on the current instance 7 is,

(Mr + Ti’) -T=B,+1.A. (17)

Plugging Eq. (I6)) into Eq. (I7) we get that the similarity-score for class r on the
current instance is, min{ A¢*, B, +AJ, .. }. Since 7, < ¢, -, the maximal similarity
score the updated matrix can attain on z is B, + Ad,,. Thus, the similarity-
score for class r after the update is either a constant that is common to all
classes, A%, or the largest similarity-score the class r can attain, B, 4+ Ad, .
The constant Af* places an upper bound on the similarity-score for all classes
after the update. This bound is tight, that is at least one similarity-score value
is equal to Af*.

5.2 Margin Analysis of MIRA

In this section we further analyze MIRA by relating its mistake bound to the
instantaneous margin of the individual examples. The margin analysis we present
in this section sheds some more light on the source of difficulty in achieving a
mistake bound for MIRA. Our analysis here also leads to an alternative version
of MIRA that incorporates the margin into the quadratic optimization problem
that we need to solve on each round. Our starting point is Thm. Bl We first give
a lower bound on 7, on each round. If MIRA made a mistake on (Z,y), then we
know that max,, B, — By > 0. Therefore, we can bound the minimal value of
7, by a function of the (negative) margin, B, — max,-, B;.

Lemma 3. Let T be the optimal solution of the constrained optimization problem
given by Eq. ([I4) for an instance-label pair (Z,y) with A < R?. Assume that the
margin B, —max, ., B, is bounded from above by —3, where 0 < 3 < 2R%. Then
Ty is at least 3/(2R?).

We would like to note that for the above lemma if 5 > 2R? then Ty = 1 regardless
of the margin achieved. We are now ready to prove the main result of this section.

Theorem 4. Let (z1,y1),..., (27, yT) be an input sequence to MIRA where
' e R" and y' € {1,2,...,k}. Denote by R = max; ||z'|| and assume that there
is a prototype matriz M* of a unit vector-norm, |M*||2 = 1, which classifies the
entire sequence correctly with margin v = rnint{]\];‘t - &' —max, e M-} > 0.
Denote by ng the number of rounds for which By —max,-, B, < =0, for some
0 < B < 2R?. Then the following bound holds, ng < 4R*/(57?).

Proof. The proof is a simple application of Thm. Bl and Lemma Bl Using the

second constraint of MIRA (3, 7, = 0) and Thm. [3] we get that,

T

R2
S orh<2— . (18)
t=1 v
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From Lemma [3 we know that whenever max, ., B, — B+ > 3 then 1 < 2? Tyt
and therefore,

T
m<d % : (19)

Combining Eq. (I8) and Eq. (I9) we obtain the required bound,

R2 T 2 p2 4
72 t<2i2i 4R7
B “ B2

Note that Thm. [ still does not provide a mistake bound for MIRA since in the
limit of 3 — 0 the bound diverges. Note also that for 3 = 2R? the bound reduces
to the bounds of Thm. M and Thm. Bl The source of the difficulty in obtaining a
mistake bound is rounds on which MIRA achieves a small negative margin and
thus makes small changes to M. On such rounds 7, can be arbitrarily small and
we cannot translate the bound on ), T;t into a mistake bound. This implies
that MIRA is not robust to small changes in the input instances. We therefore
describe now a simple modification to MIRA for which we can prove a mistake
bound and, as we will see later, performs better empirically.

The modified MIRA aggressively updates M on every round for which the
margin is smaller than some predefined value denoted again by 3. This technique
is by no means new, see for instance [I3]. The result is a mixed algorithm which
is both aggressive and ultraconservative. On one hand, the algorithm updates M
whenever a minimal margin is not achieved, including rounds on which (Z,y) is
classified correctly but with a small margin. On the other hand, on each update
of M only the rows whose corresponding similarity-scores are mistakenly too
high are updated. We now describe how to modify MIRA along these lines.

To achieve a minimal margin of at least 3 < 2R? we modify the optimization
problem given by Eq. ({[d). A minimal margin of 3 is achieved if for all r we
require M- — M, -Z > f3 or, alternatively, (M, -z —3)— (M, -Z) > 0. Thus, if we
replace By with B, — 3, M will be updated whenever the margln is smaller than
8. We thus let MIRA solve for each example (Z,y) the following constrained
optimization problem,

mm Q(r) = *AZT +ZB Tr (20)
subject to : Vr 7, § Ory and >, 7 =0

where : A:A:HjHQ ; BT:BT—65y7T:]\Zfr-§:—ﬁ5y,T

To get a mistake bound for this modified version of MIRA we apply Thm. A
almost verbatim by replacing B, with B, in the theorem. Note that if B
MaXy £y B, < — B3 then B, —3—max,+, B, < —@ and hence By —max,-, B, <0.
Therefore, for any 0 < 3 < 2R? we get that the number of mistakes of the
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modified algorithm is equal to ng which is bounded by 4R*/3~v2. This gives the
following corollary.

Corollary 2. Let (z%,y'),...,(z1,yT) be an input sequence to the aggressive
version of MIRA with margin 3, where z' € R" and y' € {1,2,...,k}. Denote by
R = max, |Zt|| and assume that there is a prototype matriz M* of a unit vector-
norm, ||M*|lo2 = 1, which classifies the entire sequence correctly with margin
v = ming { M}, - ' — max,e M) - 7'} > 0. Then, the number of mistakes the
algorithm makes is bounded above by, 4R*/(3+?) .

Note that the bound is a decreasing function of 8. This means that the more
aggressive we are by requiring a minimal margin the smaller the bound on the
number of mistakes the aggressively modified MIRA makes. However, this also
implies that the algorithm will update M more often and the solution will be
less sparse.

6 Discussion and Current Research Directions

In this paper we described a general framework for deriving ultraconservative
algorithms for multiclass categorization problems and analyzed the proposed
algorithms in the mistake bound model. We investigated in detail an additive
family of online algorithms. The entire family reduces to the perceptron algo-
rithm in the binary case. In addition, we gave a method for choosing a unique
member of the family by imposing a quadratic objective function that minimizes
the norm of the prototype matrix after each update. Note that the similarity-
score of a new instance is a linear combination of inner-products between pairs
of instances. Therefore, all the algorithms we presented can be straightforwardly
combined with kernel methods [T§].

An interesting direction we are currently working on is combining our frame-
work with other online learning algorithms for binary problems. Specifically,
we have been able to combine Winnow [I4] and Li and Long’s ROMMA algo-
rithm [13] with our framework, and to construct a multiclass version for those
algorithms. A question that remains open is how to impose constraints similar
to the one MIRA employs in both cases.

An interesting question in this case is whether our framework can be com-
bined with the family of quasi-additive binary algorithms of Grove, Littlestone
and Schuurmans [11] and other p-norm algorithms [10]. Another interesting di-
rection that generalizes our framework is algorithms that maintain multiple pro-
totypes per class. It is not clear in this case what form the updates should take.

We have performed preliminary experiments on synthetic data that show the
advantages in using our proposed framework over previously studied online al-
gorithms for multiclass problems. A complete description of the results obtained
in the various experiments will appear in a forthcoming full version.

A current research direction we are pursuing is methods for reducing the
number of updates MIRA performs, and thus the number of instances that are
used in building the classifier. We are currently working on the design of o post
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processing stage of the algorithms. Combining the algorithms presented in this
paper with a post processing can be used in batch setting. Preliminary results
show that this direction may give a viable algorithmic alternative for building
support vector machines.

Acknowledgements. We would like to thank Elisheva Bonchek for carefully
reading a draft of the manuscript and to Noam Slonim for useful comments.
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Estimating a Boolean Perceptron from Its
Average Satisfying Assignment: A Bound on the
Precision Required
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Abstract. A boolean perceptron is a linear threshold function over the
discrete boolean domain {0,1}". That is, it maps any binary vector to 0
or 1 depending on whether the vector’s components satisfy some linear
inequality. In 1961, Chow [9] showed that any boolean perceptron is de-
termined by the average or “center of gravity” of its “true” vectors (those
that are mapped to 1). Moreover, this average distinguishes the function
from any other boolean function, not just other boolean perceptrons.
We address an associated statistical question of whether an empirical
estimate of this average is likely to provide a good approximation to
the perceptron. In this paper we show that an estimate that is accurate
to within additive error (e/n)°1°8(1/€) determines a boolean perceptron
that is accurate to within error e (the fraction of misclassified vectors).
This provides a mildly super-polynomial bound on the sample complex-
ity of learning boolean perceptrons in the “restricted focus of attention”
setting. In the process we also find some interesting geometrical proper-
ties of the vertices of the unit hypercube.

1 Introduction

A boolean perceptron is a linear threshold function over the domain of 0/1-
vectors. (Subsequently we usually just say “perceptron”, and omit the adjective
“boolean”.) Thus it is specifed by a weight vector w = (wy, ..., w,) of real num-
bers and a real-valued threshold ¢, and it maps a binary vector x to the output
value 1 provided that w.x > ¢, otherwise it maps x to 0.

In this paper we consider the problem of estimating a perceptron from an ap-
proximate value of the mean, or “center of gravity” of its satisfying assignments.
Chow [9] originally showed that the exact value of the average of the satisfying
assignments of a boolean perceptron determines it, in that there are no other
boolean functions of any kind for which the average satisfying assignment is the
same. (Bruck [§] also gives a more general result.) The question of the extent
to which an approximation to the average determines the perceptron, is equiv-
alent to a problem of learning boolean perceptrons in the “restricted focus of
attention” setting, described below.

* Partially supported by the IST Programme of the EU under contract number IST-
1999-14186 (ALCOM-FT).

D. Helmbold and B. Williamson (Eds.): COLT/EuroCOLT 2001, LNAI 2111, pp. 116-[127, 2001.
© Springer-Verlag Berlin Heidelberg 2001
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The Chow parameters of a boolean perceptron are the coordinates of the
vector sum of the satisfying vectors, together with the number of satisfying vec-
tors. Subject to a uniform distribution over boolean vectors, these are essentially
equivalent to the conditional probabilities of the output value 1, conditioned on
some input value being set to either 0 or 1. Letting y denote the output value and
x = (21,...,Ty), these are the probabilities Pr(y =1 | 2; = 1), fori =1,...,n,
together with the value Pr(y = 1) These values determine the functional be-
havior on binary input vectors, obviously there may some amount of freedom to
vary the values of w and t while preserving the output for any binary input.

In this paper we show that additive approximations of the Chow param-
eters determine the approximate behavior of the function, to within a mildly
super-polynomial factor. That is in contrast to the situation for the weights-
based parameterization of a perceptron, for which a tiny perturbation of some
parameter may result in a large change to the set of points that are mapped
to output value 1. Thus in a sense the Chow parameters are a more robust
parameterization.

1.1 Learning-Theoretic Background and Results

The related literature can be divided into three parts: some earlier papers that
follow on from Chow’s paper, work on boolean perceptron learning in general,
and work on learning in the so-called “restricted focus of attention” setting.

Earlier work that followed on from [J] includes an algorithm by Kaszer-
man [14] for recovering a linear threshold function from its Chow parameters.
The algorithm is iterative and somewhat related to the perceptron algorithm [17];
it does not have a good bound on the number of iterations and assumes exact
values of the parameters are given. A paper of Winder [18] compares 7 functions
(4 of which were proposed in previous papers) for rescaling Chow parameters
to obtains weights for a linear-threshold function. None of these functions has
perfect performance, and it is uncertain that any function exists from individual
Chow parameters to good weights — it may be necessary to deal with them col-
lectively rather than individually. A further paper by Winder [19] investigates
the class of boolean functions that are uniquely defined by their Chow param-
eters, and shows among other things that it lies properly between the class of
linear threshold functions and the class of monotonic functions.

There is much known about learning boolean perceptrons in various settings,
for example irrelevant attributes [15], classification noise [6] and learning from
a source of “helpful” examples [2]. Special cases include monomials, decision
lists [16l12] and boolean threshold functions. Further knowledge on this topic
occurs in the more general context of perceptrons over the real as opposed to
the boolean domain. An example is that they may be PAC-learned in time

LIf the coordinates of the sum of all satisfying vectors are rescaled down by the
number of satisfying vectors, one obtains the average satisfying assignment, whose
coordinates are the probabilities Pr(y = 1 | ; = 1). The Chow parameters are
recovered by multiplying this average by 2" - Pr(y = 1).
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polynomial in the dimension n and the PAC parameters € and J, using the
VC dimension theory [7]. Chapter 24 of [1] and references therein is a good
introduction to results on learning boolean perceptrons.

Restricted focus of attention (RFA) learning was introduced and developed
in the papers [3/4]5]. The k-RFA setting (where k is a positive integer) allows
the learner to see only a subset of size k of the input attributes of any training
example. The usual assumption has been that the input distribution is known to
be a product distribution (with no other information given about it). In [13] we
studied in detail the problem of learning linear-threshold functions over the real
domain in the 1-RFA setting, so that each example of input/output behavior of
the target function, has only a single input component value, together with the
binary value of the output, revealed to the learner. We showed that the input
distribution (in [13], not necessarily a product distribution) needs to be at least
partly known, and that the sample-size required for learning depends sensitively
on the input distribution. We identified measures of “well-behavedness” of the
input distribution and gave sample size bounds in terms of these measures.

This paper addresses the topic of 1-RFA learning of perceptrons where the
input distribution is uniform over V', the vertices of the unit hypercube. This
learning-theoretic characterization is equivalent because from [5] we have that
a random sample of 1-RFA data is equivalent, in terms of the information it
conveys, to approximations of the conditional probabilities Pr(y = 1 | ; = b),
for b € {0,1}, together with the probability Pr(y = 1), and these approximations
have additive error inversely proportional to the sample size. “1-RFA data”
means observations of the input/output behavior of the target perceptron in
which only one out of the n input values (entry of input vector x) in any training
example is made available to the learner, and that entry is chosen by the learner
without any other information about that example (equivalently for polynomial
learnability, is chosen uniformly at random). The reason why this special case
(for which bounds of [13] are inapplicable) is of particular interest is that the
uniform distribution over V is the most interesting and widely studied input
distribution from the perspective of computational learning theory. The question
of whether this learning problem is solvable with polynomial time or sample
size is previously discussed in [10] and [13]. Birkendorf et al [B] suggest the
following rule: for 1 <i < n and b € {0,1}, let p} be the conditional probability
Pr(y=1]|x; =b) and let p = Pr(y = 1). Then take x to be a positive instance
if %Z?:l p; > p, otherwise label x as negative. It is left as an open problem
whether the rule is valid.

The computational learning-theoretic result that we obtain is a mildly super-
polynomial bound (of the order of log(d~1)(n/e)~'°¢¢) on the sample complex-
ity of learning a perceptron from 1-RFA data. This is a purely “information-
theoretic” result; we do not have any algorithm whose guaranteed time com-
plexity improves substantially on a brute-force approach.
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1.2 Some Notation and Terminology

Let V be the input domain, i.e. the vertices of the unit hypercube, or 0/1-vectors.

Let F' and G be two boolean perceptrons, where generally F' will denote the
target function and G some alternative function, such as a hypothesis returned
by an algorithm. The positive (resp. negative) examples of a function are those
that are mapped to 1 (resp. 0). Let pos(F), neg(F), pos(G), neg(G) denote the
positive and negative examples of F and G. (So pos(F) = F~1(1), etc.) F and
G divide V into 4 subsets defined as follows.

Voo = neg(F) Nneg(G) Vo1 = neg(F) N pos(G)
Vio = pos(F) Nneg(G) Vi1 = pos(F) N pos(Q)

For R C R", let m(R) be the number of elements of V' that lie in R. Let a(R) be
the vector sum of elements of V' N R. Let u(R) denote the (unweighted) average
of members of V' that lie in the region R, so that pu(R) = a(R)/m(R), well-
defined provided that m(R) > 0. For any boolean function f, let u(f) be the
(unweighted) average of its satisfying assignments. The region of disagreement
of F and G is Vp; U Vyg; thus the disagreement rate between F' and G, over the
uniform distribution on V', is (m(Vp1) +m(Vig))/2".

2 Geometric Results

In this section we give various geometric results about the vertices of the unit
hypercube, which we use in section Bl to deduce the sample-complexity bound.
We summarize the results of this section:

1. Lemma[Il gives a simple upper bound on the number of elements of V' con-
tained in a linear subspace, in terms of the dimension of that subspace.

2. Theorem [ gives a bound on the bit complexity of the parameters of a hyper-
plane, in terms of the number of elements of V' contained in that hyperplane
(the more elements of V' contained, the less bit complexity is needed for the
parameters).

3. Theorem [2 uses theorem [Il to show that any hyperplane that “narrowly
misses” a large fraction of V' can be perturbed slightly so that it actually
contains all those vertices. The resulting hyperplane does no longer “nar-
rowly miss” any other vertices. More precisely, if a hyperplane comes within
distance 2a/n? of a fraction « of the 2" vertices, then all those - 2" vertices
lie on the perturbed hyperplane. That result is then used to show limits on
the bit complexity of boolean perceptrons that satisfy certain conditions.

4. Theorem [ derives a lower bound on the distance between 1 (V1) and u(Vig)
(the means of the two regions of disagreement between a pair of perceptrons)
in terms of their disagreement rate m(Vp; U Vip)/2™.

We generally assume that weight vectors of linear threshold functions are
normalized, i.e. weights and thresholds are rescaled so that the weight vector is
of length 1. By a vertex we mean a member of V, i.e. a 0/1-vector of length n.
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Throughout, when we refer to subspaces, or spanning, or dimension, we mean
in the affine sense, so that a “subspace” does not necessarily contain the origin,
and a spanning set of S is a set of points in S such that any other point in S is
expressible as the sum of one member of the spanning set plus a weighted sum
of differences between pairs of points in the spanning set.

Lemma 1. Any affine subspace S of R™ of affine dimension d contains at most
24 elements of V.

Proof. Proof by induction on d. It clearly holds for d = 0, when the subspace
consists of a single point.

For d > 0 we consider 2 cases. Suppose some subcube of V' of dimension d
has all its 27 points in S. Then S cannot contain any other points in V, since
then S would have dimension > d.

Alternatively, we can divide V' into 2 subcubes Vj and V; such that each
subcube contains some elements of S and in addition each subcube contains some
non-elements of S. S restricted to the span of V{ (similarly V1) is a subspace of
dimension d — 1. The inductive hypothesis says that each of these intersections
has at most 2%~ points. &

The following theorem tells us that when a large fraction of vertices of the
unit hypercube span a hyperplane, then the hyperplane must be defined by a
linear equation with “simple” coefficients (low bit complexity). The subsequent
corollary shows that when a large fraction of vertices span a lower-dimensional
subspace, then it can be expressed as the intersection of a set of hyperplanes
with simple coefficients. In what follows, logarithms are to the base 2.

Theorem 1. Let S be a hyperplane of R™, and suppose that S contains a frac-
tion a of the vertices of the unit hypercube. Assume that the vertices contained
by S span S. Suppose that S is the set of points {x : w.x = t}, where
w = (w1,...,w,), wg = 1 and 0 < w; < 1 fori = 2,...n. Then the bit
complexity of w; for i = 2,...,n is at most [log(1/a)]. Hence all the w; are
integer multiples of some constant at least o /2.

Proof. We construct a linear system that must be satisfied by the weights
W3, ..., Wy, such that when we solve it (invert a matrix) the inverse does not
contain numbers of excessive bit complexity.

We have a set £ of 2™ - o distinct equations of the form w.x = ¢ where x
is a 0/1 vector (a vertex of the hypercube). By our assumption that vertices
in S do in fact span S, we have that £ is a linear system that specifies w.
Essentially, we want to make a careful choice of just n equations in £ that specify
w and also define a linear system that does not result in numbers with high bit
complexity when it is solved. Observe that for two distinct vertices x and x’ we
have w.(x —x’) = 0, and if we let w~ = (wa, ... w,,) then (since w; = 1) we can
derive an equation of the form z.w~ = k where z € {0,1, —1}"~! and k is either
0 or 1. Let F be the set of all possible equations we can construct in this way.
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The linear system we construct will be satisfied by a vector wT whose entries
(wy,...,w}l ) are a permutation of the weights ws, ..., w,, the entries of w™.

The re-ordering of the weights results from the following procedure.

Procedure for Constructing the Linear System:

The following procedure is iterative and we show below that it can continue
for at least n— |log(1/«) | iterations. We describe the first three iterations before
giving a general description of the k-th iteration.

— Iteration 1: Choose any two equations from & that differ in the coefficient
of some weight w;, 2 < i < n (which becomes w;, the first weight of w),
take their difference as described above, and we get an equation (in F) for
which the coefficient of w; (i.e. wi) is 1 or —1.

— Iteration 2: Choose any two equations in £ with the same coefficients of w",
identify a weight where they differ, which becomes wj, and their difference
gives us a member of F whose coefficient of w] is 0 and whose coefficient of
wy is 1 or —1.

— Iteration 3: Choose any two equations in £ with the same coefficients of wf‘
and w; , identify a weight where they differ, which becomes w; , and their
difference gives us a member of F whose coefficients of wi” and w3 are 0
and whose coefficient of w3 is 1 or —1.

— Tteration k: Choose any two members of £ whose coefficients agree on wy", . ..
w,':_l, find a weight where they differ, which becomes w,':, deduce a member
of F whose first k — 1 coefficients are 0 and whose k-th coefficient is 1 or —1.

By the pigeon-hole principle, we claim we can continue with this procedure
until k exceeds n—log(1/a). At the k-th iteration there are 28~! possible vectors
of coefficients of wi, ..., w,':_l, and 2™« equations in & to choose from. Provided
that 2" -« > 2! we can find a pair of members of £ that agree on these
coefficients. Since all members of £ are distinct, they will differ on some other
coefficient. The condition 1/a < 2"T1=F indicates that for k less than n + 1 —
log(1/«) we can continue.

When we can continue no longer, we supplement our set of n — |log(1/«)]
members of F by any other members of F that are linearly independent of them.
We have constructed a linear system A.w™ = v where

1. A is an invertible (0/1/ — 1)-matrix

2. the submatrix of A that excludes the last |log(1/a)]| rows and columns, is
upper triangular

3. ve {0,1,—-1}", i.e. vis a (0/1/ — 1)-vector.

Hence wt = A~'v. We invert A by Gaussian elimination, identifying a set
of linear operations on the rows of A which convert it to the identity matrix I,
and then the application of the same operations to I gives A~!. The operations
will not create excessively large/small numbers when applied to I.
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Procedure for Inverting the Matrix A

— We start by eliminating the non-zero entries of the upper triangle of the
upper triangular submatrix we noted earlier (that is, rows and columns
1,...,n — |log(1l/a)| of A). This is done by adding or subtracting row
n — |log(1/a)] — 1 from rows above so as to eliminate non-zero entries in
column n — |log(1/a)] — 1, then doing the same for row n — [log(1/a)]| — 2,
and so on.

— We then eliminate the region below this submatrix by adding or subtracting
copies of the first n — |log(1/a)| rows to/from the bottom rows.

— Then we diagonalize the bottom-right hand submatrix of size [log(1/a)] x
[log(1/a)], which may lead to entries of size 1/a being created in the diag-
onal. Re-scale the bottom rows to make the diagonal entries equal to 1.

— Finally we eliminate the region above this bottom-right hand submatrix by
adding or subtracting the bottom [log(1/a)] rows to/from the rows above.

Applying these operations to the identity matrix leads to entries that differ
by a factor of at most 2M1°8(1/@)1 hence the bit complexity of entries of A~! is
at most log(2/a). O

We use theorem [I] to prove the following result.

Theorem 2. Let a € (0,1), and let 8 < 2a/n?. Given any affine subspace of
R”™ whose (-neighborhood contains a fraction o of points on the unit hypercube,
there exists an affine subspace which itself contains all those 2" - a points.

Proof. Let Vg C V be the set of vertices within a G-neighborhood of S, where
by our assumption, |Vg| = 2™ - a. We assume that S is a hyperplane — if it is of
lower dimension we can choose some arbitrary hyperplane that contains it.

Let S = {x : w.x = t}, where by rescaling we can choose |[w| = 1. For
x € Vg, we have wx € [t — §,t + [].

Define a new weight vector w’ derived from w by taking each weight in w and
rounding it off to the nearest integer multiple of 3. Then products {w'.x : x €
Vs} can take n possible values. To see this, observe that the value of w’.x must be
an integer multiple of 3, and the rounding error (absolute difference |w’.x —w.x|
i.e. [w'.x —t|) is at most Sn/2. Let T be the set of these n values.

Let ¢’ be the member of T' which maximizes the number of vertices x satis-
fying w’.x = t. Then there are at least 2™ - «/n vertices x of the unit hypercube
that satisfy w’.x = t’. We will use this observation to prove that in fact there
are no vertices x € V for which w’.x “narrowly misses” t’, in particular this will
show that no other element t” € T with t” # ' satisfies w’.x = t” for any vertex
X.

Let S’ be a hyperplane containing all points x that satisfy w’.x = ’. Sup-
pose that S’ NV spans the hyperplane S’. (Below we show how to handle the
alternative.)

[’ N V| > 2™ - a/n. By theorem [I] we have that for all vertices v € 5,
w’.v — t' is an integer multiple of a/n. (Theorem [ applies to weight vectors w
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whose maximum component is 1. They can be normalized by rescaling by a factor
of at most n.) Now consider members of Vg that do not lie in S’. These points
v satisfy w.v — t' € [-nf3/2,n3/2]. We chose 3 < 2a/n?, and consequently for
v € Vs to satisfy these two properties, w’.v —t' = 0. Hence all elements of Vg
lie in S.

Now suppose that S’ NV spans a proper subspace of S’. In this case we
embed V in R"*!: let V be the vertices of the unit hypercube of R"*! for which
Zn+1 = 0 and let V' be those for which z,+; = 1. S’ NV spans a subspace of
R™*! of affine dimension d, where d < n — 1. Choose n — d vertices from V' in
general position, and these vertices together with S’ NV span a hyperplane H
of R™*!. Moreover any element of V is at least as close to H as it is to S’. The
argument for the first case (where S’ NV spans S’) can now be applied. &

The following lemma is used in theorem B below.

Lemma 2. Given boolean perceptrons F and G with Vo, and Vig as defined in
section[L.3, suppose we have subspaces S’ C S C R™ with dim(S") = dim(S) — 1
where S N (Vo1 U Vi) contains at least 2™« points, and (S’ N Vo) differs from
w(S" N Vig) by Lo distance d. Suppose also that S’ divides S into 2 connected
components such that on each side, F' gives the same label to points on that side.

Then u(S N Vor) differs from (S N Vig) by Lo distance d(a/2+/n).

Proof. We have assumed a gap between the means of points in Vj; and Vi that
also belong to S’, and we will upper-bound the extent to which points in Vy;
and Vi that also belong to S\ S” can bring the overall averages together.

The general observation is that if the points in (S\ S”) N (Vo1 U Vig) cause
the overall means to come closer together, they do in the process displace those
means away from S, due to the fact that points in (S \ S’) N (Vo U Vi) must
lie within distance ﬂn) of any point in V', but also are at least a distance a/2
from S’, due to theorem[d]. (This also uses the assumption that one side of S\ S’
contains only points from Vj; but not Viy and the other contains points from
V10 but not V()l.) <>

Theorem 3. Let F' and G be boolean perceptrons that disagree on a fraction €
of the 2™ members of V. Then the Euclidean distance between pu(Vor) and p(Vio)
is at least (e/n)C0oe(t/)

Proof. By a line we mean a 1-dimensional affine subspace. If [ is a line and S is
a set of points, let 1(S) denote the set of points obtained by projecting elements
of S onto their closest points on .

Let [ be a line normal to Pr, a hyperplane defining F'.

Observe that members of I(Vp) are separated from members of I(Vyg) by the
point of intersection of I and Pp (which itself is I(Pr)).

Two cases:

Case 1: Suppose at least a fraction e of the members of Vo1 U Vig (i.e. at
least 2"¢? points altogether) have projections onto [ that are more than ¢/n?
distant from {(Pr). In this case we have

\(Vor) — u(Vig)| > €2 /n?.
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Case 2: in which more than a fraction (1 —e€) of points in Vp; UViq lie within
distance €/n? of I(Pr).

In this case we apply theorem 2] to obtain a hyperplane P’ that contains all
but a fraction € of points in Vg, U V.

Choose an affine subspace of P’ that separates members of Vy; lying in P’
from members of V1o lying in P’. Let I’ C P’ be a line normal to that subspace.

Two cases (similar to before):

Case 2a: At least a fraction e of the members of (V1 U Vig) N P’ have
projections onto !’ that are more than €¢/n? distant from the boundary I'(P’).
Then the distance between the means of points in P’ is at least €2/n?. All points
in Vo1 UVig notin P’ lie at least € from P’ by theorem [ (coefficients of P’ have
a common factor approximately €). We claim that the overall distance between
w(Vor) and pu(Vig) is at least (e2/n?)(e(1 — €)/2y/n). This claim follows using
lemma

Case 2b: Alternatively, all but a fraction e of these points lie in some sub-
space of P C P’. We look in that subspace for a similar difference between
means of members of V5, and members of Vi in P”. As before let I C P” be
a line constructed in a similar way to I’. Either we find a fraction € of points x
with [”(x) more than e/n? from the boundary between Vo1 N P” and VioN P” or
we continue by looking in a subspace of P” that now contains at least a fraction
(1—¢)? of points in V1 NVig. By lemmal[ll this process only continues for log(e~1)
iterations before subspaces do not have sufficient dimension to hold a fraction e
of elements of V. &

3 Computational Learning-Theoretic Consequences

Recall that 1-RFA data refers to the special case of RFA learning where each
training example has just a single input attribute revealed to the learner, together
with the (binary) output value. In the case of boolean functions, a training
example is essentially a member of {1,...n} x {0,1} x {0, 1}, the identity of one
of the n attributes, together with its binary value, together with the binary value
of the output. The identity of the observed attribute is assumed to be chosen by
the learner, which as noted in [13] is equivalent (for the purpose of polynomial
bounds) to the assumption that it is chosen at random.

We continue by using the preceding results to obtain a bound on learning
boolean perceptrons in the 1-RFA setting. We first show how to determine (using
1-RFA data) which of any given pair of candidate hypotheses F' and G that have
a disagreement rate of €, is the target function, using time and sample complexity
log§(n/e)~1°8€ where § is the allowed probability that the learner’s choice is
incorrect. We then show how a computationally unbounded learner can select a
good hypothesis from the entire set of boolean perceptrons, using sample size
log 6(n/e)~ 18 where § is the probability that the hypothesis has error > e.
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3.1 Distinguishing between Two Candidate Functions

Remark 1. Given any perceptron F we may estimate Pr(F(x) = 1) and
Pr(F(x) =1 | z; = 1) within additive error e and with uncertainty ¢, in time
polynomial in e~ and §71.

Proof. This can be done by generating poly(n,e~1,671) elements x of V uni-
formly at random and taking empirical estimates of the relevant probabilities.

&

It is worth noting that computing these quantities exactly is fP-hard as it is
the 0/1 knapsack problem [L1]. The following fact is noted in [5], with regard to
the problem of PAC-learning boolean perceptrons:

Remark 2. Learning from 1-RFA data with respect to the uniform distribution
is equivalent to reconstructing a boolean function from empirical estimates of
the components of its average satisfying assignment.

These two facts together with the geometric results of the previous section
are used to solve the following learning problem: Given two perceptrons F' and
G, one of which is the target function, and which have a disagreement rate of e,
decide which of the two is the target function.

There are two cases that we consider: either the difference between Pr(Vjp1)
and Pr(Vyg) exceeds €2/n, or not. In the first case, assume that the difference
is more than €2/n, and consequently Pr(pos(F)) and Pr(pos(G)) also differ by
€2/n. A simple Chernoff bound analysis shows that a sample size of O(log(§~1) -
€2 /n) is sufficient to distinguish F' from G using the relative frequency of positive
examples.

Now in the second case, we derive a lower bound on the distance between the
means p(pos(F)) and pu(pos(G)) (using the lower bound on the distance between
w(Vor) and p(Vp1) in conjunction with the upper bound of €2 /n on the difference
between Pr(Vip) and Pr (Vo).

We show that the distance between u(Vo1) and u(Vig) is at least e 1 -
(e/n)~'°2¢€. This allows us to deduce the distance of (¢/n)~1°8¢ between
p(pos(F)) and p(pos(G)) as follows.

p(pos(F)) = A+ u(Vir) + (1 = Mp(Vio)
where \ > ¢/2. Similarly
(1(pos(G)) = N - p(Vir) + (1 = N)u(Vor)
where X' > ¢/2. Hence
pu(pos(F)) — pu(pos(G)) = Mu(Vor) — u(Vor)) + (A = N) (u(Vor) — p(Vin).

By the assumption (of this second case) that Vo; and Vig differ in size by at
most a fraction €2/n elements, we have that |A — \| < €2. Hence

p(pos(F)) — pu(pos(G)) > e(u(Vor) — u(Vor)).
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We now use theorem [3 to say that in this case, there is a difference between
the means of Vp; and Vi at least (e/n)?1°8(1/€)) "and hence a difference between
the means of positive examples of the order of (¢/n)?(°8(t/9) 5o that (in con-
junction with remark B)) a sample size of log(6~1) - (n/e)©U°e(1/€) is sufficient to
identify (with probability 1 — 9 of correctness) which of the two candidate means
is the correct one.

3.2 Estimating a Target Function from the Set of All Possible
Perceptrons

We have shown how to identify which of two given perceptrons is correct, using
time and sample size of the order of logd(n/e)?1°8(1/4) A computationally
unbounded learner may identify (for target perceptron F') a hypothesis G as
follows.

Obtain empirical estimates of the Chow parameters of F' using a sample
size of O(logd(n/e)!°8(1/9)). Evaluate the Chow parameters of every boolean
perceptron, and output any perceptron G whose Chow parameters are all within
(n/e€)l°81/€) of the observed parameters.

With probability 1— 9, the observed Chow parameters differ from the correct
Chow parameters of F' by no more than the above margin of (n/e)'°2(t/9). We
have also shown that any G with a disagreement rate of > € with F', must have
Chow parameters that differ by more than this margin, so that any hypothesis
that is eligible to be chosen according to our rule, does in fact have error less
than e.

3.3 Conclusions and Open Problems

The problem of PAC-learning a boolean perceptron from empirical estimates of
its Chow parameters has been raised in various papers in computational learning
theory. We have so far just shown a bound on sample complexity only (the
problem of how to best select the right hypothesis given sufficient data having
not been addressed), and that bound is still super-polynomial. The next step
would appear to be to find a bound on the sample complexity that is polynomial
in the parameters n, e ! and §~!. The geometrical results we have found may
well assist with further progress.
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Abstract. We consider the problem of maximizing the average reward
in a controlled Markov environment, which also contains some arbitrarily
varying elements. This problem is captured by a two-person stochastic
game model involving the reward maximizing agent and a second player,
which is free to use an arbitrary (non-stationary and unpredictable) con-
trol strategy. While the minimax value of the associated zero-sum game
provides a guaranteed performance level, the fact that the second player’s
behavior is observed as the game unfolds opens up the opportunity to
improve upon this minimax value if the second player is not playing a
worst-case strategy. This basic idea has been formalized in the context
of repeated matrix games by the classical notions of regret minimization
with respect to the Bayes envelope, where an attainable performance goal
is defined in terms of the empirical frequencies of the opponent’s actions.
This paper presents an extension of these ideas to problems with Marko-
vian dynamics, under appropriate recurrence conditions. The Bayes en-
velope is first defined in a natural way in terms of the observed state
action frequencies. As this envelope may not be attained in general, we
define a proper convexification thereof as an attainable solution concept.
In the specific case of single-controller games, where the opponent alone
controls the state transitions, the Bayes envelope itself turns out to be
convex and attainable. Some concrete examples are shown to fit in this
framework.

1 Introduction

Stochastic games are a flexible model for conflict situations in which agents in-
teract in a dynamic environment (cf. [6]). Building upon an extensive theoretical
foundation and major application areas in economic analysis and operations re-
search, there has been much recent interest in stochastic game models in the
context of artificial intelligence and machine learning, see e.g. [SIT2JT6JT]].

An average-reward stochastic game is used here to model the situation where
a reward-maximizing agent is facing a controlled Markovian environment which
also contains some arbitrarily varying elements. These elements, which are mod-
elled by a second player, may stand for the actions of other, non-cooperative
agents, or for non-stationary moves of nature. While these elements may be

D. Helmbold and B. Williamson (Eds.): COLT/EuroCOLT 2001, LNAI 2111, pp. 128-[I42] 2001.
© Springer-Verlag Berlin Heidelberg 2001
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unpredictable, they need not be hostile. Thus, the security level offered by the
minimax value of the associated zero-sum game is in general too conservative.
One is therefore lead to look for adaptive strategies, which allow the reward-
maximizing agent to exceed the minimax value when the strategy of the second
player, as revealed in time, is not adversarial. At the same time, such a strategy
should ensure that the average reward never falls below the minimax value.

An elegant formulation of this goal is offered by the empirical Bayes envelope,
that was introduced in the context repeated games with average reward. The
Bayes envelope is the maximal reward rate a player could achieve had he known
in advance the relative frequencies of the other players. It was originally estab-
lished by Hannan ([9]) that the Bayes envelope may be asymptotically attained
in such games. This result was subsequently proved by Blackwell [5] using his
theory of approachability. Policies that attain the Bayes envelope are referred
to as regret-minimizing. These classical results rely on a complete observation
of the opponent’s action in each stage game. Recently, these results have been
extended to the case where complete observations of the opponents’ actions are
not available, but rather some related signals [2J7/19].

In this paper we seek to extend the regret minimization framework to stochas-
tic games. The empirical frequencies of the opponent are now replaced by the
state action frequencies, and the empirical Bayes envelope is defined in terms
of these frequencies. As the average reward presented by this envelope is not
attainable in general, we define a convexification of this envelope as our main
solution concept, and show that it is both attainable and provides appropriate
performance guarantees. Our basic tool of analysis in an extension of Blackwell’s
Approachability theory to stochastic games.

A specific case of interest is the single-controller game, where the second
player alone determines the state transitions. It is shown that in this case the
Bayes envelope itself is convex, hence attainable. Some applications of this model
will be briefly discussed, including prediction with expert advice and the k-th
order Bayes envelope.

The paper is organized as follows. Section [2 presents the stochastic game
model. Section Blrecalls the basic results from the theory of approachability that
are required in the ensuing analysis. In Section F] we introduce the empirical
Bayes envelope for stochastic games, and establish its basic properties. Section
considers the single-controller case. Some concluding remarks are drawn in
Section [6l The appendix contains the technical proofs of the various results in
this paper.

2 The Game Model

We consider a two-person stochastic game with finite state and action spaces. We
refer to the players as P1 (the regret-minimizing player) and P2 (the opponent,
or arbitrary player). Let S denote the state space, and let A and B denote the
action spaces for P1 and P2, respectively. At each time instant n = 0,1,..., both
players observe the current state s,, € S, and then simultaneously choose their
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actions a, € A and b, € B. As a result P1 receives a reward 7, = r(Sy, an, by),
where 7 is a given reward function, and the next state is chosen according to
the probability vector P(:|sy,an,b,) over S, where P is a the state transition
kernel. It is assumed that both players observe and recall all actions and states
as they occur. A strategy o1 € X7 for P1is a mapping from all possible histories
to the mixed action A4, where A4 is the set of all probability measures over
A. Similarly, a strategy oo € Y5 for P2 is a mapping from all possible histories
to the mixed action AP. A strategy of either player is stationary if the mixed
action it prescribes at any time n depends only on current state s,. The set
of stationary strategies of P1 (resp. P2) is denoted by F' (resp. G). Let P;, ,
denote the probability measure induced on the sequence of states and actions
by the strategy pair o1 and o2 and initial state s = s, and let E . denote
the corresponding expectation operator. The n-stage average reward is given by
Tp = %l ?Z_Ol r;. P1’s general goal is to maximize the long-term average reward.
This will be made precise in Section @l

We shall assume throughout that the following recurrence condition holds.
Recall that a state s is recurrent in a Markov process if a return to that state is

guaranteed with probability 1 in finite time (e.g. [6]).

Assumption 1 There exists a state s* € S that is recurrent under any pair

(f,9) of stationary non-randomized strategies.

This assumption is usually straightforward to verify by inspecting the state tran-
sition structure. The results of this paper still hold if the assumption is consid-
erably relaxed, see [13] for details.

3 Approachability for Stochastic Games

We briefly recall here some results from approachability theory that will be
needed in the sequel. As these results are only used in the proof of Theorem [B]
this section may be skipped without loss of continuity.

A theory of approachability for repeated matrix games with vector-valued
payoffs was introduced by Blackwell in [4]. Tt has since found various uses in game
theory and related applications; see, e.g., [SITO/TTI2T] and the recent special issue
[[]. An extension to stochastic games was presented in [20], under Assumption
M Further results that relax this recurrence requirement can be found in [T3].

Consider the stochastic game model as above, except that the scalar reward
function r = r(s, a,b) is replaced by a vector-valued reward m = m(s,a,b) in
R*. Let m,, = m(Sn, an,by) and m, = % ?:_01 my. In the following definition
of an approachable set, d(-,-) denotes the Euclidean point-to-set distance in IR.

Definition 1. A set B C IR* is approachable by P1 from state s if there exists
a B-approaching strategy o of P1 such that
d(m,,B) =0 P

. -
01,02

a.s., for every oo € Xy
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Furthermore, the convergence rate is required to be uniform over all policies
o9 € Xy of P2.

A strategy of P1 that satisfies this definition is termed B-approaching. Such
a strategy ensures that the average reward vector m, converges to the set B,
irrespective of P2’s strategy.

To present conditions for approachability, we consider some related games
with scalar rewards. Given a unit vector v € IR*, the u-projected stochastic
game I'(u) is defined similarly to the game model in interest, but with the
scalar reward function 7* = m - u (- is inner product in IR¥). We consider
this stochastic game as average-reward zero-sum game, with P1 the maximizer.
Recall that under Assumption [I] the (minimax) value of this game exists and is
independent of the initial state ([15]); denote this value by v.I'(u). Furthermore,
under that assumption both players posses optimal (saddle point) strategies
which are stationary.

The next theorem characterizes convex approachable sets, and constructs an
approaching strategy. We note that a similar condition is sufficient for general
sets, however this will not be required here.

Theorem 1 ([20]). Let Assumptiond hold. Let B be a convex set in IR,

(i) B is approachable if and only if vI'(u) > infycp(y - u) for every unit vector
u e RF,

(i1) If B is approachable, an approaching strategy for P1 is given as follows:
Whenever the reference state s* is hit, namely s, = s*, inspect the average
reward vector my,. If m, € B, then play an optimal strategy in the game
I'(uy,) until the next time s* is hit, where u,, is the unit vector that points
from m., in the direction of the shortest distance to B. Otherwise, if ., € B,
play arbitrarily.

This result is based on the geometric idea of “steering” the average reward vector
towards the required set B. A dual characterization may be given (for convex
sets only), which can be considered a generalization of the minimax theorem to
vector-valued games ([]). To state this condition, let

n—1
M(f,9) :nli_{réoE?7g(Eth) (1)
t=0

denote the long-term average reward vector under a pair of stationary policies
f € F and g € G. Note that under Assumption [I this limit is well defined
and does not depend on the initial state. Finally, for any g € G define the set
M(F,g) £ {M(f,g): f € F} ¢ R, which is the (closed convex) set of average
reward vectors that are achievable by P1 against g.

Theorem 2 ([20]). Let Assumption[d hold, and let B be a closed convez set in
R¥. Then B is approachable if and only if M(F,g)N B # 0 for every stationary
strategy g € G.
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The necessity of this condition is evident, as P2 can prevent B from being ap-
proached simply by maintaining the stationary strategy g that violates this con-
dition.

4 The Empirical Bayes Envelope for Stochastic Games

In this section we define the empirical Bayes envelope for stochastic games and
analyze its properties. To motivate the proposed approach we first consider the
standard definitions for repeated matrix games.

A repeated matrix game may be viewed as a single-state stochastic game.
Note that stationary policies in this game coincide with mixed actions in the one-
shot matrix game. Omitting the state symbol but retaining all other notation,

let
1 n—1

gn(b) = n Z 1{b; = b}

t=0

denote the n-step relative frequency of P2’s action b, and let g, € AP be the
corresponding frequency vector. Now,

r*(9) = max r(f,9) = max > f(a)g(b)r(a,0)

fea4 fea4

is the expected reward that P1 could secure in the one-shot matrix game had he
known in advance that P2’s mixed action is g; r*(-) defines the Bayes envelope
of the matrix game. Equivalently, 7*(g,) is the best n-stage average reward that
P1 could secure by playing a stationary policy f. A strategy o1 of P1 is said to
be regret minimizing (or to attain the Bayes envelope) if it guarantees that, in
the long run, the average reward will be as high as the current Bayes envelope;
that is liminf, o0 (7, — 7*(gn)) > 0 (a.s.) for any strategy of P2.

Obviously, if P2 is restricted to stationary strategies, then the Bayes envelope
is readily attainable: here g, is a consistent estimate of P2’s stationary strategy,
and P1 can simply choose the best reply to g, at each stage. However, when P2
is non-stationary this simple best-response strategy easily fails and even lead to
average reward that falls short of the minimax value of the game. The point is,
then, that the Bayes envelope may be achieved without any restriction on the
opponent’s strategy, save for causality.

Returning to the stochastic game problem, we will again use the observations
(which now include both states and actions) to form an estimated stationary
strategy g, of P2. Denote by m,(s,b) the empirical frequency of the state action
pair by time n, namely

n—1

1
(s, b) = - Z 1{s; = s,b, = b},

t=0

and by 7, € ASB the corresponding vector of state action frequencies.
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Given 7, = m, and assuming for the moment that 7 (s) £ >, m(s,0) # 0 for
all s, the relative frequency of P2’s action b at state s is defined by

o m(s,b)
g(ﬂ-)(b‘s)_ 71'(8) )

intuitively, g(7) may be viewed as an estimate for a stationary strategy of P2. A
natural definition for the Bayes envelope r* in terms of the observed frequencies
vector 7 is then

(2)

() = maxr(f, g(r))

where 7(f, g) is the expected average reward of the two stationary strategies f
and g. Note that r(f, g) is well defined under Assumption [Iland does not depend
on the reference state. Thus, r*(m) is the best-response average reward for P1,
given the stationary strategy g(m) of P2.

When 7(s) = 0 for some state s, there is no data available for estimating P2’s
strategy at this state. In that case we modify the last definitions by considering
the set of all possible strategies that are consistent with 7, that is:

G(r) ={g € G : w(s)g(bls) = w(s,b), V(s,b) €S x B}. (3)

G(m) is a singleton and coincides with g(7) as defined above when every state
has been visited, and in any case is a convex and closed set. By considering the
worst-case over all possible strategies in G(r), the Bayes envelope (BE) can now
be defined in general as:

(1) = i . 4
r*(m) I;leagggggr)r(f,g) (4)

It is obvious that 7*() is never below the minimax value of the game, since the
minimum in (@) is over a subset of G. It is strictly above the value if G(7) does
not contain an optimal strategy for P2. Note that r* reduces to its definition for
repeated matrix games when the state space is a singleton.

We can make a first attempt at defining a possible goal for regret minimiza-
tion.

Definition 2. The Bayes envelope r* is weakly attainable by P1 if there exists
a strateqy o1 of P1 such that

liminf(#, — r*(7,)) >0 (a.s.)

n—oo

for every strateqy oo € X9 of P2 and every initial state s. r* is attainable if the
convergence rate is uniform in oy and s, namely that for any € > 0,

supP{tigfl(ft —r*(m)) < —e)} — 0 asn—o0.

g2, S8
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Unfortunately the envelope BE just defined need not be attainable (or even
weakly attainable); counter-examples may be found in [13/14]. The problem may
be attributed to non-convexity of r* in its variable m. We shall therefore consider
a modified definition, which presents a less ambitious yet attainable goal.

The Convex Bayes Envelope (CBE ), which we denote by r¢(r), is defined as
the lower convex hull of r*(7), where both are viewed as functions over 7 € ASB.

Attainability of the CBE may be defined similarly to that of the BE. We
can now state our main result concerning this envelope.

Theorem 3. Suppose Assumption D holds. Then the CBE, r¢, is attainable by
P1.

Before presenting the proof, we mention some continuity properties of the above
envelopes. The proof of these properties may be found in [I3].

Proposition 1. r¢ is continuous on its entire domain.

Proof of Theorem [B: The proof relies on the approachability results quoted
above. In order to fit in this framework, we introduce the following vector-valued
reward function for the stochastic game. Define the (14 5B) dimensional reward
vector m = (r,m,) € R x ASB  where r coincides with the actual (scalar)
reward of the game. m, is a vector indexed by the state action pairs (s,b),
with my(s,a,b) a unit vector with 1 at the entry corresponding to (s,b) and
0 at all others. Thus, the average reward vector m,, = %Z?;OI my is given by
My = (F, T,), namely the average scalar reward followed by the vector of state
action frequencies. For a pair of stationary strategies f of P1 and g of P2 we
denote the average reward vector by m(f, g).

We now claim that attainability of the CBE, r¢, is equivalent to approach-
ability of the following set Bogg with respect to the vector reward m:

Bepe = {(r,7) : v >r°(m)} € Rx ASB, (5)

Indeed, approachability requires that the Euclidean distance of 1, = (75, 75)
from Bopp converges to zero, while attainability requires the difference 7,, —
r¢(my,) in the scalar reward coordinate to become non-negative. It is easily seen
from these respective definitions that attainability implies approachability, while
the reverse implication follows by adding the continuity of ¢, as per Proposition
o

It remains to show that Bopp is approachable by P1. Since r¢ is convex, it
follows that Bopp (its epigraph) is a convex set. By Theorem [ it suffices to
prove that M(F,g) N CBE # () for every g € G. Fix g* € G. In the original
scalar game P1 has a best-response stationary (deterministic) strategy f* € F'
against ¢g*. Consider the state action frequency 7 that is the invariant measure

corresponding to f* and ¢g*. We now show that the point m* 2 (r(f*,g%),n) €
M(F,g*) is in Bepg. In fact we will show that r(f*,¢*) > r*(v), and since
r* > r¢ by definition of the latter, the required inclusion follows. By (B) and the
definition of 7, g* € G(x). The reward r*(m) thus satisfies

r(m) = ?ea}‘g?é&) r(f,g) < I;lggr(f, g)=r(f"9%) (6)
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which concludes the argument. a

We now turn to consider the performance guarantees that are provided to
P1 by attaining the CBE, r¢. Since r*(7) > v (where v is the min-max value of
the game), the same it obviously true for r¢ as the lower convex hull of 7*. Thus,
the guaranteed average reward is never below the value. We would like to show
that the reward exceeds the value when the when the relative frequencies of P2’s
actions deviate from a worst-case policy. We shall establish that for the class
of irreducible stochastic games. Recall that a stochastic game is irreducible if
all states are recurrent under every pair of (deterministic) stationary strategies.
In particular, if I1y is the set of feasible limiting state action frequencies, then
m(s) > 0 for every s and 7 € IIy. It follows that each feasible m € I, induces a
single stationary strategy g(m), according to (2).

Proposition 2. Suppose the game is irreducible. Let G* denote the set of sta-
tionary min-max optimal strategies for P2. Then

(i) r°(m) >v for any m € IIy such that g(7) & G*.
(i) Moreover, for any g ¢ G*, let lI(g) = {m € Iy : g(m) = g} de-
note the collection of state action frequency vectors that induce g. Then

NN .
7(g) = inf e (g ré(m) > v.

The proof of this claim is provided in the appendix.

5 Single Controller Games

In this section we consider the special case in which P1 does not affect the
state transitions, that is P(s’|s,a,b) = P(s'|s,b). The resulting model can be
considered as a sequence of matrix games where the next game to be played
is determined only by P2’s action. Such a model have been termed a “single
controller games” ([6]), since only one of the players controls the state transitions.
As it turns out, the Bayes envelope r* itself is convex, hence attainable by P1.
We first show how this follows from our general framework. We then establish
this result under weaker assumptions by partitioning the stochastic game into a
sequence of interleaved repeated matrix games. Finally, we briefly mention two
applications that fall into this framework - prediction with expert advice and
the k-th order Bayes envelope for repeated matrix games.

Proposition 3. Let Assumption [ hold. Suppose that P1 does not effect the
state transitions, i.e. P(s'|s,a,b) = P(s'|s,b). Then BE is convez, hence attain-
able by P1.

Proof. Under the assumption that P(s'|s,a,b) = P(s'|s,b), the stochastic game
dynamics reduces to that of a Markov decision process with a single decision
maker. Let 1Ty C ASB be the set of possible state action frequencies for P2.
It is well known (e.g. [I7, Theorem 8.9.4]) that II, is a convex set. Since only
P2 affects the transition dynamics, then for a given m each ¢ € G(7) induces
the same state action frequency for every f € F. Recall that the reward r(f, g)
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can be written as the sum: r(f,g) = >__,, 7(s,b)f(als)r(s,a,b), where f(als)
is the probability of playing action a at state s under the stationary strategy
/- It follows that the Bayes reward r*(w) as defined in (@) reduces to: r*(w) =
maxyser ), 5 7(8,0) f(als)r(s,a,b). This implies that BE is in fact a convex
since it is the maximum of linear functions. Since BF is convex it equals CBE
and we can use Theorem [3] to conclude that BE is attainable. O

An alternative method to attain BE which does not rely on Assumption ]
can be devised. The idea is to take advantage of the fact that the single controller
game can be effectively partitioned into a set of repeated matrix games, each
corresponding to a single state. Let us re-define r*(7) (and BE) so that it is well
defined without any assumptions on the game dynamics:

r*(r) =max Y w(s,b)f(als)r(s,a,b). (7)

If Assumption [I] holds, then for single controller games the original definition
of r* in ({) equals the one of (7)), as shown in the proof of Proposition Bl The
algorithm used to attain BE is to play a regret minimizing strategy (such as
[7]) for every state separately (considering only the rewards that are received at
that state). The next theorem shows that this algorithm attains r*.

Theorem 4. Assume that P1 does not affect the state transitions and that P1
plays a regret minimizing strategy in every state separately. Then BE is attained.

We note that results that are related to the convergence rate may be developed,
these results depend on the properties of the specific regret minimizing strategy
which is employed per state. For example, if the scheme of [7] is used, then it
can be shown that 7*(m;) — 7, < Ct~/3 (a.s.).

We now provide two examples for applications of single controller games,
both examples are discussed in detail in [T3].

a. Prediction with expert advice. In this problem (e.g. [22]) a single decision
maker is repeatedly predicting the next outcome of an unknown channel. The
decision maker is given advice from a finite number of experts before each pre-
diction. The decision maker’s goal is to have his long term average performance
as good as the best expert. This problem can be formulated as a single controller
stochastic game which satisfies our assumptions and therefore regret minimizing
strategies exist. No assumptions are made regarding the experts and the chan-
nel - they may collaborate and for convenience are unified as a single player. We
provide the details in the appendix for completion.

Proposition 4. There exists a strategy that guarantees that the reward rate is
not lower than the best expert, almost surely.

A noted feature of the proof method (see the appendix) is the ability to easily
generalize to other games with similar structure, in which only P2 (experts and
channel) determine a state of nature. For example, one may consider a case in
which if a certain letter appears in the channel then the stakes of the next stage
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game are doubled. Since in this case as well, the state action frequencies are
determined only by P2, BE is attainable by P1.

b. The k-order Bayes envelope for matriz games: The standard Bayes en-
velope for matrix games uses the relative frequencies of the opponent’s actions
to form the “best response” performance envelope. An immediate refinement
would be to define the required performance on the basis of the relative frequen-
cies of k-tuples of the opponent’s action. Obviously this would lead to a higher
improved performance goal, especially if there are significant correlations in the
opponent’s action sequence. For example, in a sequential prediction problem, the
k-th order Bayes envelope would be equivalent to the best k-th order Markovian
predictor for the sequence. Now, since subsequent action k-tuples only differ in
one symbol, they don’t fall in the standard repeated matrix game framework,
but rather in the single-controlled framework of this section. Application of our
results show that indeed the k-th order BE is attainable.

6 Concluding Remarks

The goal of this paper has been to present adaptive strategies that improve upon
the minimax value when the opponent deviates from a worst-case behavior. We
have presented an approach to this problem that relies on the state action fre-
quencies for formulating an achievable goal, namely the Convex Bayes Envelope.
Let us briefly outline a few issues that need further consideration in this regard.

Existence of strategies which attain the CBFE has been established using
results from Approachability theory. While this approach is constructive, as it
stands, it involves some complex geometric calculations which have not been
explicated. In particular, this concerns the steering directions which are at the
heart of approaching strategies. It turns out that these geometric quantities can
be given an explicit analytical form for CBE. The details of this construction
will be presented elsewhere.

While CBE presents performance guarantees against general strategies of
the opponent, it may fail to obtain the best-response reward even when the
opponent in effect employs a stationary strategy. This best-response property
was essentially lost through the convexification of the basic Bayes envelope in the
empirical frequencies space, which was necessary since the latter is not attainable
in general. It thus seems that to retain the best-response property one must look
for other solution concepts that do not rely on state action frequencies alone.
Some feasible alternatives in this vein have been outlined in [I3], based on ideas
from [7]. However, these initial schemes are extremely complex and slow as they
operate in the strategy space. Additional research is required.

Returning to the framework of this paper, the C BE need not be the least
conservative attainable envelope in the space of state action frequencies. The
construction of performance envelopes that are optimal in some sense is of ob-
vious interest. Additional topics for investigation include other applications of
the theory to specific problems, and the incorporation of these ideas in on-line
learning algorithms in the style of Reinforcement Learning.
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A Proof of Proposition [2]

The proof relies on the structure of the set G* of maximin optimal strategies
for P2 under the irreducibility assumption. We first show that G* is a Cartesian
product of optimal (convex) sets of actions at each state. From [16, Proposition
5.1] we know that there is a unique (up to an additive constant) w* € IR® such
that Vs € S

min mag ( Za: Zb: f(als)g(bls)r(s, a,b) +
ZZ Z P(s'|s,a,b)w*(s")) = w*(s) + v, (8)
a b s

where v is the value of the game. We now apply [6, Lemma 5.3.1] twice. First,
note that the assumptions of Lemma 5.3.1 holds since the game is irreducible.
We claim that g € G* if and only if for every s the mixed action {g(s,-)} is in
the set G*(s) of optimal strategies in the matrix game with the following reward
for actions a, b:

s
rap(s) = Z Zr(s,a, b) + Z p(s'|s,a,b)w*(s'). (9)
a b

s'=1

Suppose g is optimal in every such game. Then from part (iii) of Lemma 5.3.1,
for every f € F we have that r(f,g) < v, so that g is optimal. Suppose that g
is not optimal for a matrix game that is induced by some state s’. There is a
strategy for P1, f* that promises a higher reward than the value of the game
defined in (@) for P1. Using the other direction of part (iii) of Lemma 5.3.1
(for P1) we have that r(f*,g) > v, but from part (iv) of Lemma 5.3.1 we get
that r(f,g) > v since equality does not hold for all states. As a result the set
G* is a Cartesian product of the optimal strategy sets at each state, namely
G* = @, G*(s). Furthermore each set G*(s) is convex, which follows from the
well known fact that for a zero sum matrix game the set of optimal strategies is
convex.

Suppose g € G* and let (r,7) € Beopr (Bepg is defined in (B)) such that
g(m) = g. Since g ¢ G*, then r*(7) > v. Since for any point in BE the reward is
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not less than the value we have that if (v,7) € Bepg then there exist at most
k (k < SB+1) points in BE, {(v,m;)}¥_, such that g(m;) € G* and for some
0 < a; < 1 we have that 7 = Zle a;m;. It can be verified by trivial algebra
that if 7 = Zle a;m; then Vs such that 7(s) > 0 we have that there exists (;
such that 0 < 3; < 1, Zle B; =1 and Vb:

k
g(m)(bls) = Zﬁig(m)(bIS) ;

a;mi(s)
S am(s)
and if g(7;) belong to G* so does any strategy in the S B dimensional box between
them.

The second part of the Proposition follows immediately from the first part
and by noting that for an irreducible game G(7) contains a single element. O

specifically §; = . The result follows since G* is a Cartesian product

B Proof of Proposition 4l

Let us define the stochastic game between the decision maker (P1) and the
experts and channel (P2). The game is played in two phases for each prediction.
Assume that the prediction is of letters from a finite alphabet A = {1,..., A}.
At the first phase the k experts state their predictions, and then, knowing their
predictions P1 makes his own prediction a,, € A and simultaneously (i.e. not
knowing P1’s prediction), P2 chooses the actual letter b, € A. The reward
obtained by P1 is r(an,b,) € IR. Although usually in prediction problems of
finite alphabets, the reward is assumed a zero-one prediction error reward, we
do not restrict the model by this assumption.

We actually prove a somewhat stronger result, we prove that the reward rate
is not lower than the reward for any specific stationary strategy that relies on
the experts’ (mutual) advice. The prediction with expert advice is embedded in
the following stochastic game that is defined by:

1. 8= {s*,1,..., A*}. State s* is the first phase state and the other A" states
are the second phase states - one for every possible assignment of the joined
experts advice.

2. The actions of P1 in state s* are A(s*) = {0}, that is no choice state s*. In
the second phase, P1 predicts that channel letter, so for 1 < s < AF, P1’s
action are A(s) = {1,..., A} which corresponds to P1’s prediction.

3. The actions of P2 in state s* are all possible joint expert opinion, that is
B(s*) = {1,2,..., A*¥}. The possible actions of P2 at states 1 < s < A*, are
B(i) ={1,..., A} which corresponds to the actual letter that appears in the
channel.

4. The transition probabilities are in {0, 1}, when moving from state s* to each
1 <1< Ak, the transition is deterministic and determined by P2’s action.
When moving from 1 < i < A back to s* the state transition happens with
probability 1.
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5. The reward at the first phase is 0, i.e. 7(s*,-,-) = 0 and the reward at the
second stage is 7(s,a,b) = 2r(a,b). That is twice as much as the prediction
cost.

This stochastic game obviously has a constant cycle time 7 = 2 and state s* is
a recurrent reference state. As a result of Theorem [B] BE is attainable. That is:

lim inf(7; — r*(7)) > 0 P-a.s., (10)
n—r oo
where P is the probability measure that is induced by P1 play of a regret min-
imizing strategy and by P2 playing any strategy oo € 5. The strategies that
participate in the maximum for r*(m;), certainly include the k strategies that
always agree with expert ¢, 1 <1 < k. a

C Proof of Theorem [4]

BE is attained if the average reward 7; and the state action frequencies 7; satisfy
that
liminf(7; — r*(m)) > 0 P-a.s.. (11)
n—oo
Note that since this is a single controller game then 7(f,g) = 7(g), that is the
state action frequencies generated by the strategies f for P1 and g for P2 depend
only on P2’s strategy. Starting from equation ([Z)), we have that:

P —rt(m) =7 — Z r}leagzb: Za: mi(s,0)f (als)r(s, a,b)

=7 — Z mgxz mt(s,b) f(als)r(s,a,b), (12)
s b

where m:(s,b) is the relative frequency of state s and action b as measured at
time t. The last equality is justified since f affects the inner sum only through
the actions at state s. But 7, = > >, > m(s,b) f(als)r(s,a,b) so

Fo—rt(m) =D m(s) (Y D ai(bls)f(als)r(s, a.b) -
s b a
max Y g:(bls)f (als)r(s, a,0)), (13)
b

A .
where g;(b|s) = ’T;t(fél;) and 7¢(s) = >, m(s,b). Suppose P1’s strategy is to play
a regret minimizing strategy for every state s separately for the game in which
P1’s actions are a € A, P2’s actions are b € B and the expected reward is
r(s,a,b). In that case, ([I3) becomes the sum of elements that tend to zero as

t — oo (if the state is visited often enough). We have that

Fe —r*(m) > Zm(s)Rt(s) , (14)
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where Ry(s) is the regret of the s game by time ¢:
A
Ri(s) =) > 0:(bls)f(als)r(s,a,b) —max ) gi(bls)f(als)r(s,a,b).
b a b

Now, P1’s strategy ensures that R;(s) — 0 almost surely for every state s that
is visited infinitely often, while m;(s) — 0 for the other states. It easily follows
from (I4)) that (1) holds. O
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Abstract. A class C of recursive functions is called robustly learnable
in the sense I (where I is any success criterion of learning) if not only
C itself but even all transformed classes ©(C) where © is any general
recursive operator, are learnable in the sense I. It was already shown be-
fore, see [14l19], that for I = Ex (learning in the limit) robust learning
is rich in that there are classes being both not contained in any recur-
sively enumerable class of recursive functions and, nevertheless, robustly
learnable. For several criteria I, the present paper makes much more
precise where we can hope for robustly learnable classes and where we
cannot. This is achieved in two ways. First, for I = Ex, it is shown that
only consistently learnable classes can be uniformly robustly learnable.
Second, some other learning types I are classified as to whether or not
they contain rich robustly learnable classes. Moreover, the first results on
separating robust learning from uniformly robust learning are derived.

1 Introduction

Robust learning has attracted much attention recently. Intuitively, a class of ob-
jects is robustly learnable if not only this class itself is learnable but all of its
effective transformations remain learnable as well. In this sense, being learnable
robustly seems to be a desirable property in all fields of learning. In inductive
inference, i.e., informally, learning of recursive functions in the limit, a large col-
lection of function classes was already known to be robustly learnable. Actually,
in [15] any recursively enumerable class of recursive functions was shown to be
learnable. This was achieved even by one and the same learning algorithm, the
so-called identification by enumeration, see [T5]. Moreover, any reasonable model
of effective transformations maps any recursively enumerable class again to a re-
cursively enumerable and, hence, learnable class. Consequently, all these classes
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are robustly learnable. Clearly, the same is true for all subclasses of recursively
enumerable classes. Thus, the challenging remaining question was if robust learn-
ing is even possible outside the world of the recursively enumerable classes. This
question remained open for about 20 years, until it has been answered positively!
[14/19]) showed that there are classes of recursive functions which are both “algo-
rithmically rich” and robustly learnable, where algorithmically rich means being
not contained in any recursively enumerable class of recursive functions. Earli-
est examples of (large) algorithmically rich classes featured direct self-referential
coding. Though ensuring the learnability of these classes themselves, these di-
rect codings could be destroyed already by simple effective transformations, thus
proving that these classes are not robustly learnable. An early motivation from
Barzdins for studying robustness was just to examine what happens to learnabil-
ity when at least the then known direct codings are destroyed (by the effective
transformations). Later examples of algorithmically rich classes, including some
indeed robustly learnable examples, featured more indirect, “topological” cod-
ing. [I4J19] mainly had focussed on the ezistence of rich and robustly learnable
classes; however, in the present paper we want to make much more precise where
we can hope for robustly learnable classes and where we cannot. In order to
reach this goal we will follow two lines.

The first line, outlined in Section Bl consists in exhibiting a “borderline” that
separates the region where robustly learnable classes do exist from the region
where robustly learnable classes provably cannot exist. More exactly, for the ba-
sic type Ex of learning in the limit, such a borderline is given just by the type
Cons of learning in the limit consistently (i.e., each hypothesis correctly and
completely reflects all the data seen so far). Actually, in Theorem we show
that all the uniformly robustly Ex-learnable classes must be already contained
in Cons, and hence the complementary region Ex — Cons is free of any such
classes. Notice that Ex — Cons is far from being empty, since it was shown be-
fore that Cons is a proper subset of Ex, see [3J632]; the latter is also known as
inconsistency phenomenon, see [35130/10] where it has been shown that this phe-
nomenon is present in polynomial-time learning as well. We were surprised to find
the “robustness phenomenon” and the inconsistency phenomenon so closely re-
lated this way. There is another interpretation suggested by Theorem 16 which in
a sense nicely contrasts the results on robust learning from [19]. All the robustly
learnable classes exhibited in that paper were of some non-trivial topological
complexity, see [19] for details. On the other hand, Theorem [I6] intuitively says
that uniformly robustly learnable classes may not be “too complex”, as they all
are located in the “lower part” Comns of the type Ex. Finally, this location in
Cons in turn seems useful in that just consistent learning plays an important
role not only in inductive inference, see [13l20124/36], but also in various other
fields of learning such as PAC learning, machine learning and statistical learning,
see the books [2I26)31], respectively.

In Section @l we follow another line to solve the problem where rich robustly
learnable classes can be found and where they cannot. Therefore let us call any
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type I of learning such as I = Ex, Cons etc. robustly rich if I contains rich
classes being robustly learnable in the sense I (where “rich” is understood as
above, i.e., a class is rich if it is not contained in any recursively enumerable
class); otherwise, the type I is said to be robustly poor. Then, for a few types, it
was already known if they are robustly rich or robustly poor. The first results
in this direction are due to Zeugmann [37] where the types Exy (Ex-learning
without any mind change) and Reliable (see Definition [7]) were proved to be
robustly poor. In [T4]19] the type Ex was shown robustly rich. Below we classify
several other types as to whether they are robustly rich or poor, respectively.
We exhibit types of both categories, rich ones (hence the first rich ones after
Ex) and poor ones, thus making the whole picture noticeably more complete.
This might even serve as an appropriate starting point for solving the currently
open problem to derive conditions (necessary, sufficient, both) for when a type is
of which category. Notice that in proving types robustly rich below, in general,
we show some stronger results, namely, we robustly separate the corresponding
types from some other “close” types, thereby strengthening known separations in
a robust way. From these separations, the corresponding richness results follow
easily.

In Section [B, we deal with a problem which was competely open up to now,
namely, separating robust learning from uniformly robust learning. While in
robust learning any transformed class is required to be learnable in the mere sense
that there exists a learning machine for it, uniformly robust learning intuitively
requires to get such a learning machine for the transformed class effectively at
hand, see Definition[T3. As it turns out by our results, this additional requirement
can really lead to a difference. Actually, for a number of learning types, we show
that uniformly robust learning is stronger than robust learning. Notice that
fixing this difference is also interesting for the following reason. As said above,
in Theorem [T all the uniformly robustly Ex-learnable classes are shown to
be learnable consistently. However, at present, it is open if this result remains
valid when uniform robustness will be replaced by robustness only. Some results
of Section [ can be considered as first steps to attack this apparently difficult
problem.

Recently, several papers were published that deal with robustness in inductive
inference, see [STAI7IT22232837]. Each of them has contributed interesting
points to a better understanding of the challenging phenomenon of robust learn-
ing. [T4[T937] are already quoted above. In addition, notice that in [T9] the mind
change hierarchy for Ex-type learning is proved to stand robustly. This contrasts
the result from [I4] that the anomaly hierarchy for Ex-type learning does not
hold robustly. In [2223] the authors were dealing with so-called Barzdins’ Con-
jecture which, intuitively, stated that the type Ex is robustly poor. In [8] robust
learning has been studied for another specific learning scenario, namely learning
aided by context. The intuition behind this model is to present the functions to
be learned not in a pure fashion to the learner, but together with some “con-
text” which is intended to help in learning. It is shown that within this scenario
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several results hold robustly as well. In [28] the notion of hyperrobust learning
is introduced. A class of recursive functions is called hyperrobustly learnable if
there is one and the same learner which learns not only this class itself but also
all of its images under all primitive recursive operators. Hence this learner must
be capable to learn the union of all these images. This definition is then justi-
fied by the following results. First, it is shown that the power of hyperrobust
learning does not change if the class of primitive recursive operators is replaced
by any larger, still recursively enumerable class of general recursive operators.
Second, based on this stronger definition, Barzdins’ Conjecture is proved by
showing that a class of recursive functions is hyperrobustly Ex-learnable iff this
class is contained in a recursively enumerable class of recursive functions. From
[28] hyperrobustness destroys both direct and topological coding tricks. In [§]
it is noted that hyperrobustness destroys any advantage of context, but, since,
empirically, context does help, this provides evidence that the real world, in a
sense, has codes for some things buried inside others. In [I7] another basic type
of inductive inference, namely Bc, has been robustly separated from Ex, thus
solving an open problem from [I4]. While in the present paper general recursive
operators are taken in order to realize the transformations of the classes under
consideration (the reason for this choice is mainly a technical one, namely, that
these operators “automatically” map any class of recursive functions to a class of
recursive functions again), in some of the papers above other types of operators
are used such as effective, recursive, primitive recursive operators, respectively.
At this moment, we do not see any choice to this end that seems to be superior to
the others. Indeed, each approach appears justified if it yields interesting results.

For references surveying the theory of learning recursive functions, the reader is
referred to [IJGIOITTIT82TI27]. Due to lack of space we omit most of the proofs
in the present paper.

2 Notation and Preliminaries

Recursion-theoretic concepts not explained below are treated in [29]. N denotes
the set of natural numbers. * denotes a non-member of N and is assumed to
satisfy (Vn)[n < * < oo]. Let €, C, C, D, D, respectively denote the membership,
subset, proper subset, superset and proper superset relations for sets. The empty
set is denoted by 0. We let card(S) denote the cardinality of the set S. So
“card(S) < %” means that card(S) is finite. The minimum and maximum of
a set S are denoted by min(S) and max(S), respectively. We take max () to
be 0 and min(f)) to be co. x4 denotes the characteristic function of A, that is,
xa(z) =1,if z € A, and 0 otherwise.

(-,-) denotes a 1-1 computable mapping from pairs of natural numbers onto
natural numbers. 7,7y are the corresponding projection functions. (-,-) is ex-
tended to n-tuples of natural numbers in a natural way. A denotes the empty
function. 1, with or without subscripts, superscripts, primes and the like, ranges
over partial functions. If 77 and 7; are both undefined on input x, then, we take
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n () = ne(x). We say that ;. C e iff for all z in domain of 1, n1(z) = na(z).
We let domain(n) and range(n) respectively denote the domain and range of the
partial function n. n(x)] denotes that n(x) is defined. n(x)1 denotes that n(z) is
undefined.

We say that a partial function 7 is conforming with n’ iff for all 2 € domain(n)
N domain(n’), n(x) = n(z’). n ~ 1’ denotes that n is conforming with n’. n is
non-conforming with n’ iff there exists an x such that n(x)] # n'(x)}. n £ o
denotes that 7 is non-conforming with 7’.

For r € N, r-extension of n denotes the function f defined as follows:

_ | n(x), if x € domain(n);
fla) = {r, otherwise.

f,9,h, F and H, with or without subscripts, superscripts, primes and the like,
range over total functions. R denotes the class of all recursive functions, i.e., total
computable functions with arguments and values from N. T denotes the class of
all total functions. Ro1 (79,1) denotes the class of all recursive functions (total
functions) with range contained in {0,1}. C and S, with or without subscripts,
superscripts, primes and the like, range over subsets of R. P denotes the class of
all partial recursive functions over N. ¢ denotes a fized acceptable programming
system. ; denotes the partial recursive function computed by program ¢ in the
p-system. Note that in this paper all programs are interpreted with respect to
the ¢-system. We let @ be an arbitrary Blum complexity measure [7] associated
with the acceptable programming system ¢; many such measures exist for any
acceptable programming system [7]. We assume without loss of generality that
®;(x) > x, for all i, z. @; 5 is defined as follows:

()= {pil@), i e <sand By(z) <5
Pi,s(x) = {Tj otherwise.

For a given partial computable function 7, we define MinProg(n) = min({é |
®i =n}).

A class C C R is said to be recursively enumerable iff there exists an r.e. set
X such that C = {p; | i € X}. For any non-empty recursively enumerable class
C, there exists a recursive function f such that C = {p;) | i € N}.

The following classes are commonly considered below. CONST = {f | (Vx)
[f(z) = f(0)]} denotes the class of the constant functions. FINSUP = {f |
(V*°z)[f(z) = 0]} denotes the class of all recursive functions of finite support.

2.1 Function Identification

We first describe inductive inference machines. We assume, that the graph of a
function is fed to a machine in canonical order.

For f € Randn € N, welet f[n] denote f(0)f(1)... f(n—1), the finite initial
segment of f of length n. Clearly, f[0] denotes the empty segment. SEG denotes
the set of all finite initial segments, {f[n] | f € R An € N}. SEGo1 = {f[n] |
f€Ro1An e N} Welet 0,7 and +, with or without subscripts, superscripts,



148 J. Case et al.

primes and the like, range over SEG. A denotes the empty sequence. We assume
some computable ordering of elements of SEG. ¢ < 7, if 0 appears before 7 in
this ordering. Similarly one can talk about least element of a subset of SEG.

We let o7 denote the concatenation of o and 7. We identify o = agay . ..an_1
with the partial function

o(z) = a;, if x <mn;
T,  otherwise.

Similarly a total function g is identified with the infinite sequence g(0)g(1)g(2) ...
of its values. Thus, for example, 0*° is the function mapping all numbers to 0.
Let |o| denote the length of o. If |o| > n, then we let o[n] denote the prefix
of o of length n. 0 C 7 denotes that o is a prefix of 7. An inductive inference
machine (IIM) [15] is an algorithmic device that computes a (possibly partial)
mapping from SEG into N. Since the set of all finite initial segments, SEG, can
be coded onto N, we can view these machines as taking natural numbers as
input and emitting natural numbers as output. We say that M(f) converges to
i (written: M(f)] = 7) iff (V>°n)[M(f[n]) = i]; M(f) is undefined if no such i
exists. Mg, My, ... denotes a recursive enumeration of all the IIMs. The next
definitions describe several criteria of function identification. Note that — as a
variable for learners — M always ranges over partial computable machines.

Definition 1. [15] Let f € R and S C R.

(a) M Ex-identifies f (written: f € Ex(M)) just in case there exists a program
i for f such that M(f)| =1

(b) M Ex-identifies S iff M Ex-identifies each f € S.

(c)Ex ={SCR|(IM)[S C Ex(M)]}.

By the definition of convergence, only finitely many data points from a function
f have been observed by an IIM M at the (unknown) point of convergence.
Hence, some form of learning must take place in order for M to learn f. For this
reason, hereafter the terms identify, learn and infer are used interchangeably.

Definition 2. [3] M is said to be consistent on f iff, for all n, M(f[n])] and
fInl € em(sin)-

Definition 3. [33] M is said to be conforming on f iff, for all n, M(f[n])] and

Definition 4. (a) [3] M Cons-identifies f iff M is consistent on f, and M
Ex-identifies f.

.1) [3] M Cons-identifies C iff M Cons-identifies each f € C.

.2) Cons = {C | (3M)[M Cons-identifies C]}.

.1) 20] M RCons-identifies C iff M is total, and M Cons-identifies C.

.2) RCons = {C | (3M)|M RCons-identifies C]}.

1) [34] M T Cons-identifies C iff M is consistent on each f € T, and M
Cons-identifies C.

(d.2) TCons = {C | (3M)[M T Cons-identifies C]}.
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Note that for M to Cons-identify a function f, it must be defined on each initial
segment of f. Similarly for Conf-identification below.

Definition 5. (a) [33] M Conf-identifies f iff M is conforming on f, and M
Ex-identifies f.

1) B3] M Conf-identifies C iff M Conf-identifies each f € C.

2) Conf = {C | (3M)|M Conf-identifies C|}.

1) M RConf-identifies C iff M is total, and M Conf-identifies C.

2) RConf = {C | (IM)[M RConf-identifies C]}.

1) 03] M T Conf-identifies C iff M is conforming on each f € T, and M
Conf-identifies C.

(d.2) TConf = {C | (3M)[M T Conf-identifies C|}.

(b.
(b.
(c.
(c.
(d.

Definition 6. [27] M is confident iff for all total f, M(f)].
M Confident-identifies C iff M is confident and M Ex-identifies C.
Confident = {C | (3M)[M Confident-identifies C|}.

Definition 7. [6l25] M is reliable iff M is total and for all total f, M(f)] =
M Ex-identifies f.
M Reliable-identifies C iff M is reliable and M Ex-identifies C.
Reliable = {C | (3M)[M Reliable-identifies C]}.

Definition 8. NUM = {C | (3C’ | C CC’ C R)|C’ is recursively enumerable]}.

For references on inductive inference within NUM, the set of all recursively
enumerable classes and their subclasses, the reader is referred to [BII2IT5]. The
next theorem summarizes the main relations between the notions discussed in
this paper. A major question of our research is, how these inclusions and non-
inclusions change, if robustness is required on the left side of an inclusion or
non-inclusion, for example we show for case (d), that there is also a class in
RobustCons which is not in RConf, see Theorem 20] below.

Theorem 9. [346IT3/16/32133/34/36]

(a) NUM C TCons = 7TConf C RCons C RConf C Conf C Ex.
(b) RCons C Cons C Conf.
(¢c) RConf ¢ Cons.

(d) Cons € RConf.

(e) TCons C Reliable C Ex.
(f) Reliable Z Conf.

(g) RCons ¢ Reliable.

(h) NUM ¢ Confident.

(i) Confident Z Conf.

(j) Confident ¢ Reliable.
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2.2 Operators

The basic idea of robust learning is that not only a given class S but also every
image of & under a given operator should be learnable. At the beginning of
the study of robust learning it was not clear which operators to use; but later
the discussion stabilized on using general recursive operators. Although this
choice has some disadvantage, there was a feeling in the community that this
disadvantage could not be overcome by choosing a larger class of operators.

Definition 10. [29] A recursive operator is an effective total mapping, @, from
(possibly partial) functions to (possibly partial) functions, which satisfies the
following properties:

(a) Monotonicity: For all functions n,%’, if n C 7' then O(n) C O(7').

(b) Compactness: For all n, if (z,y) € ©(n), then there exists a finite function
a C 7 such that (z,y) € O(a).

(c) Recursiveness: For all finite functions «, one can effectively enumerate (in «)
all (z,y) € O(a).

Definition 11. [29] A recursive operator O is called general recursive iff © maps
all total functions to total functions.

For each recursive operator O, we can effectively (from ©) find a recursive op-
erator @’ satisfying two further constraints (d) and (e).

(d) for each finite function «, ©'(«) is finite, and its canonical index can be
effectively determined from «; furthermore if @ € SEG then ©'(«) € SEG.
(e) for all total functions f, ©@'(f) = O(f).

This allows us to get a nice effective sequence of recursive operators.

Proposition 12. [19] There exists an effective enumeration, Oy, 01, ..., of re-
cursive operators satisfying condition (d) above such that, for all recursive oper-
ators O, there exists an i € N satisfying:

for all total functions f, O(f) = O;(f).

Since we will be mainly concerned with the properties of operators on total
functions, for diagonalization purposes, one can restrict attention to operators
in the above enumeration @q, O, .. ..

Definition 13. [14]1Y]

RobustEx = {C | (V general recursive operators ©)[0(C) € Ex]|}.
UniformRobustEx = {C | (3g € R)(Ve | O, is general recursive)[O.(C) C
EX(Mg(e))]}'

One can similarly define RobustI and UniformRobustl, for other criteria I
of learning considered in this paper.

Proposition 14. [19/37] NUM = RobustNUM.

Corollary 15. (a) NUM C Robust7 Cons C RobustReliable.
(b) NUM C UniformRobust7 Cons.
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3 Robust Learning and Consistency

The main result of this section is UniformRobustEx C Cons, see Theorem [[Gl
Hence, all the uniformly robustly Ex-learnable classes are contained in the “lower
part” Cons of Ex; recall that Cons is a proper subset of Ex, see [3J6//32].
This nicely relates two surprising phenomena of learning, namely the robustness
phenomenon and the inconsistency phenomenon. On the other hand, despite the
fact that every uniformly robustly Ex-learnable class is located in that lower part
of Ex, UniformRobustEx contains “algorithmically rich” classes, since, by
Corollary UniformRobustEx D NUM. Note that the non-robust version
of Theorem [L6] still is open, that is, it is unknown whether RobustEx C Cons.

Theorem 16. UniformRobustEx C Cons.

The (omitted) proof even shows that given any recursive g, one can effectively
construct an M such that, for any C, if

for all e such that 6, is general recursive, O.(C) C Ex(Mg())

then M Cons-identifies C. Thus we have that
UniformRobustEx C UniformRobustCons.

Since the reverse inclusion holds by definition, it follows that,
Corollary 17. UniformRobustEx = UniformRobustCons.

Now we investigate the links between boundedness and uniform robust learnabil-
ity of classes of functions. We say that a class S is bounded iff there is a recursive
function ¢ such that g dominates all f € S: (Vf € S) (V°z) [f(x) < g(z)].
For example, every class in NUM is bounded. The next theorem states, that
although every class in UniformRobustEx is bounded by a non-recursive func-
tion, there are classes S € UniformRobustEx which are not bounded by a re-
cursive function. As a consequence, we derive that UniformRobustEx contains
algorithmically rich classes, see Corollary [19 below.

Theorem 18. If S € UniformRobustEx — NUM then gs(z) = max({f(z) |
f € 8}) is a total function and satisfies that gs(x) < oo for all x.

There is S € UniformRobustEx such that S is unbounded; in particular, the
above defined gs is not recursive and S ¢ NUM.

Corollary 19. UniformRobustEx D NUM.

4 Robustly Rich and Robustly Poor Learning

In this section, we show for several learning types that they are “robustly rich”;
that is, these types contain classes being both robustly learnable and not con-
tained in any recursively enumerable class. Notice that in proving these types ro-
bustly rich below, in general, we show some stronger results, namely, we robustly
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separate (or even uniformly robustly separate) the corresponding types from
some other types, thereby strengthening known separations in a (uniformly) ro-
bust way. From these separations, the corresponding richness results follow easily
by applying Theorem[d. On the other hand, there are also “robustly poor” learn-
ing types; that is, every robustly learnable class of these types is contained in a
recursively enumerable class. Some further robustly poor types will be exhibited
in Section [Bl

Theorem 20. UniformRobustCons € RConf.

Theorem 21. RobustRCons ¢ 7 Cons.

Theorem 22. RobustRConf Z RCons.

It should be noted that in the three preceding theorems, the separating class can
always be taken from Ry i, that is, it consists of {0,1}-valued functions. Fur-
thermore, one gets that the learning criteria RCons and RConf are robustly
rich. As a consequence also the criteria Cons and Conf are robustly rich. Zeug-
mann [37] proved that RobustReliable = NUM which directly implies the
corresponding result for Robust7 Cons.

Theorem 23. [37] RobustReliable = NUM.
Robust7 Cons = NUM.

This gives then that the following hierarchy corresponding to Theorem[d (a) and
(b) holds. The equality of TCons and 7 Conf inherits from the non-robust case
and so 7 Cons and 7 Conf are robustly poor.

Corollary 24. NUM = Robust7 Cons = Robust7 Conf.
NUM C RobustRCons C RobustCons.
NUM C RobustRCons C RobustRConf C RobustConf.

Furthermore, one can also separate the notions NUM and Confident robustly
and conclude, that confidence is a robustly rich learning criteria.

Proposition 25. UniformRobustConfident Z RConf.

Corollary 26. UniformRobustConfident ¢ NUM.

Note that by Theorem [J(h), NUM ¢ Confident. Thus using Corollary [26]
NUM and Confident are incomparable. The following proposition strengthens
Corollary [T9

Proposition 27. UniformRobustEx ¢ Confident U NUM.
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5 Robust Learning versus Uniformly Robust Learning

While in robust learning any transformed class is required to be learnable in the
mere sense that there exists a learning machine for it, uniformly learning requires
to get such a machine for the transformed class effectively at hand. For a number
of learning types, we now show that uniformly robust learning is indeed stronger
than robust learning.

Theorem 28. UniformRobustConfident C RobustConfident.

For identification with mind changes, we assume M to be a mapping from SEG
to N U {?}. This is to avoid biasing the number of mind changes made by the
machine [9].

Definition 29. [6I9/I5] Let b € N U {x}. Let f € R.

M Exj-identifies f (written: f € Ex,(M)) just in case M Ex-identifies f, and
card({n |? # M(f[n]) # M(f[n +1])}) < b (i.e., M makes no more than b
mind changes on f).

M Exp-identifies S iff M Exj-identifies each f € S.

Ex, = {SC R | (EM)[S € Ex,(M)]}.

Zeugmann [37] showed that a class of functions is robustly learnable without
mind changes iff it is finite.

Proposition 30. [T937] For any C C R, C € RobustExq iff C is finite.

Thus, the type Exq of learning without any mind change is robustly poor, since
every finite class is recursively enumerable. Somehow, uniformly robust learning
with up to n mind changes even turns out to be more restrictive than robust
learning with 0 mind changes: the cardinality of such classes is strictly less than
27+l This forms a contrast to the fact that RobustEx; contains infinite classes
[19]. On the other hand, there is a nice connection between RobustEx and the
classes in UniformRobustEx,,.

Theorem 31. For any n € N and C C R, C € UniformRobustEx,, iff
card(C) < 2n+1,
In particular, RobustExy = Un€  UniformRobustEx,,.

The following Propositions [32] and B3] are needed in proving one of the main
results, namely Theorem below. From this theorem, we then derive that
uniformly robust learning is stronger than robust learning for each of the types
Cons, Ex and Bc (the latter defined below).

Proposition 32. There exists a K-recursive sequence of initial segments, oy,
01,... € SEGy,1, such that for all e € N, the following are satisfied.

(a) 0°1 C oe.
(b) For all € < e, if Ou is general recursive, then either O (o.) # Ou (017
or for all f € To1 extending e, O (f) = O (0°).
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Proof. We define o, (using oracle for K) as follows. Initially, let ¢ = 0°1. For
e’ < e, define ag'“ as follows: if there exists an extension 7 € SEGg,; of agl,
such that O, (1) % O (0/7), then let 0¢ t1 = 7; otherwise, let o¢ +1 = o¢".
Now let 0, = 0¢T! as defined above. It is easy to verify that the proposition
is satisfied. |

Proposition 33. There exists an infinite increasing sequence ag, a1, . .. of natu-
ral numbers such that for A ={a; | i € N}, the following properties are satisfied
forallk € N.

) The complement of A is recursively enumerable relative to K.
) ©a,, 1S total.

c) For all e < ap such that @, is total, pc(x) < Pa,,,(x) for allz € N.
d) For o, as defined in Proposition[33, |c4,| < ag1-

Proof. The construction of a;’s is done using movable markers (using oracle for
K). Let af denote the value of a; at the beginning of stage s in the construction.
It will be the case that, for all s and 4, either af = af“, or af“ > s. This
allows us to ensure property (a). The construction itself directly implements
properties (b) to (d). Let pad be a 1-1 padding function [29] such that for all
i, 7, Ppad(i,j) = Pi> and pad(z,j) i+,

We assume without loss of generality that ¢ is total. Initially, let a3 = 0,
and af,; = pad(0, loa0]) (this ensures ady, > |loao] > a?). Go to stage 0.

Stage s
1. If there exist a k, 0 < k < s, and z < s such that:
(1) Pas (z)1 or
(1) for some e < ai_, [(Vy < 8)[pe(y)d] and pe(x) > pa: (2)]
2. Then pick least such k£ and go to step 3. If there is no such k, then for all 4,
let af“ = af, and go to stage s + 1.
For i < k, let ait! = a3.
4. Let j be the least number such that
(1) (Vy < s)lg;(y){] and
(1) for all e < aj_,, if for all y <'s, @c(y)!, then for all y < s, ¢;(y) >
+sloe(y)'
Let a;™" = pad(y, |aazil| +s+1).
5. Fori >k, let aj*" = pad(0,|o,s+1| + s+ 1).
i—1
6. Go to stage s+ 1.
End stage s

w

We claim (by induction on k) that lim,s_, . ail for each k. To see this, note that
once all the a;, i < k, have stabilized, step 4 would eventually pick a j such that
; is total, and for all e < aj_1, if @, is total then ¢, < ¢;. Thereafter a,, would
not be changed.

We now show the various properties claimed in the proposition. One can
enumerate A (using oracle for K) using the following property: = € A iff there
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exists a stage s > x such that, for all i < z, af # x. Thus (a) holds. (b) and
(¢) hold due to the check in step 1. (d) trivially holds due to padding used for
definition of a for all s. |

Definition 34. Suppose h € R. Let B, = {¢c | pe € R A (V) [P (z) <
h(z)]}.

Intuitively, By, denotes the class of recursive functions whose complexity is almost
everywhere bounded by h. We assume without loss of generality that FINSUP C
By, . Thus for a; as in Proposition 33} FINSUP C B,,, , for all 4.

The notion of behaviourally correct learning does not require syntactical
convergence as explanatory learning but only that almost all hypotheses compute
the function to be learned.

Definition 35. [4]9] M Bc-identifies a function f € R (written: f € Be(M))
iff, for all but finitely many n € N, M(f[n]) is defined and is a program for f.
M Bec-identifies S iff M Bc-identifies each f € S.
Bc={SCR|(EM)[S C Bc(M)]}.

By the way, whenever S € Bc then there is also a total machine M such that
S € Bc(M). Thus one can require without loss of generality, that Be-learners
are total.

Theorem 36. RobustCons ¢ UniformRobustBc.

Proof. Fix 0g,01, ... as in Proposition[32, and ag, ai, ... as in Proposition B3]
Let Gy, = By, N{f|0oa C f}.
The main idea of the construction is to construct the diagonalizing class by
taking at most finitely many functions from each GY.
Let Oy, be defined as

A, if n <log,l;
Oy, (fn]) = § fUoa ) f(loa [ +1)... f(n=1), if oa, C fln];
flnl, otherwise.

Note that @y, is general recursive.
Claim. J;>y, O, (G:) € Be.

Proof. Suppose by way of contradiction that M Bec-identifies |J;~, O, (G;).
Then, clearly M must Be-identify FINSUP (since FINSUP C 6y, (Gy)). Thus,
for all 7 € SEG,1, there exists an n such that, for all m > n, onrom)(|7[+m) =
0. Thus, there exists a recursive function g such that, for all 7 € SEG; sat-
isfying |7| < n, ©nmrooem)(IT| + g(n)) = 0. Now for each 7, define f. induc-
tively by letting 7o = 7, fpe1 = 7,090™D1 and f, = U,, 7n- Note that M
does not Be-identify any f.. Also, f, is uniformly (in 7) computable and thus
{f- | 7 € SEGg1} C By, for some recursive h. Thus, for sufficiently large j,
{fr | 7 € SEGo,1} C By, . Thus, for almost all j > k, f,, € Gj = Oy, (G;).
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Since M does not Bce-identify fgaj, claim follows. (]

Let ¢’ be a function dominating all K’'-recursive functions. For each &k € N
and e < ¢'(k), let fi . denote a function in J,~, G;, such that M. does not
Bec-identify Oy, (fi,e)-

Let S = {fxe | k€ N,e <g'(k)}. Let Fy, = SN Gg. It is easy to verify that
Fy, is finite (since fre & U, p Gi)-
Claim. S ¢ UniformRobustBc.

Proof. Suppose by way of contradiction that A is a recursive function such that
My, () Be-identifies O, (S). Note that by, can be recursively computed using oracle
for K. Thus, h(b) can be recursively computed using oracle for K. Hence, for all
but finitely many k, h(bx) < g'(k). Consequently, My, ) does not Bce-identify
O, (fi,n(vr)) € Ob, (S). A contradiction. (]

Claim. S € RobustCons.

Proof. Suppose © = O, is general recursive. We need to show that O(S) €
Cons. Let A = {a; | i € N}. Since A4 is r.e. in K, there exists a recursive
sequence ¢y, 1, ..., such that each a € A, a > ay, appears infinitely often in
the sequence, and each a € A or a < ag, appears only finitely often in the
sequence. Let o.; € SEGq ; be such that 0., 2 0°1, and o, can be obtained
effectively from e, ¢, and lim;_,o 0+ = 0.. Note that there exist such o.: due
to K-recursiveness of the sequence g, 071, .. ..

Note that there exists a recursive h such that, if ¢, is recursive then, My,
Cons-identifies ©(B,,, ). Fix such recursive h.

Let F = {0>°}UFyUFU...UF. F and O(F) are finite sets of total recursive
functions.

Define M as follows.

M(f[n])
1. If for some g € O(F), g[n] = f[n], then output a canonical program for one
such g.

2. Else, let t < n be the largest number such that ©(o., ) ~ f[n], and
O(0e,,n) # O(0%).
Dovetail the following steps until one of them succeeds. If steps 2.1 or 2.2
succeed, then go to step 3. If step 2.3 succeeds, then go to step 4.
2.1 There exists an s > n, such that ¢, # ¢, and O(o., s) ~ f[n], and
O(oc,,s) # O(0%).
2.2 There exists an s > n, such that o, s # oc, -
2.3 Mye,)(f[n]){, and fln] S om,., (sin)-
3. Output a program for f[n]0>.
4. Output My, (f[n]).
End
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It is easy to verify that whenever M(f[n]) is defined, f[n] C onm(spy)- Also, if
f € O(F), then M Cons-identifies f.

Now, consider any f € O(S) — O(F). Note that there exists a unique i > k
such that f ~ ©(oq,) and O(04,) # O(0>°) (due to definition of og,’s). Fix such
i. Also, since f # ©(0°°), there exist only finitely many e such that f ~ ©(0°1).

We first claim that M(f[n]) is defined for all n. To see this, note that if ¢; # a;
or O¢,n # Oq,, then step 2.1 or step 2.2 would eventually succeed. Otherwise,
since f € O(F;) C @(BS(,%)7 step 2.3 would eventually succeed (since My,q,)
Cons-identifies O(B,,, )).

Thus, it suffices to show that M Ex-identifies f. Let r be such that f £ ©(07).
Let m and n > m be large enough such that (1) to (1v) hold.

1) fln] » ©(07).

1) ¢y = a4, and for all s > m, 04, s = 04;,m-

i) For alle <rand t > m, if e ¢ A or e < ay, then ¢; # e.

v) Foralle < rand t > m, if e € A—{a;} and e > ay, then O(o¢,) # f[n]
or O(oe,) ~ O(0™).

(
(
(
(

Note that there exist such m, n. Thus, for all n’ > n, in computation of M( f[n']),
c¢; would be a;, and step 2.1 and step 2.2 would not succeed. Thus step 2.3
would succeed, and M would output Myq,)(f[n]). Thus M Ex-identifies f,
since My, (,,) Ex-identifies f. [

Theorem follows from above claims. l

Corollary 37. UniformRobustCons C RobustCons.
UniformRobustEx C RobustEx.
UniformRobustBc C RobustBc.
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Abstract. A classical learning problem in Inductive Inference consists
of identifying each function of a given class of recursive functions from
a finite number of its output values. Uniform learning is concerned with
the design of single programs solving infinitely many classical learning
problems. For that purpose the program reads a description of an iden-
tification problem and is supposed to construct a technique for solving
the particular problem.

As can be proved, uniform solvability of collections of solvable identifi-
cation problems is rather influenced by the description of the problems
than by the particular problems themselves. When prescribing a specific
inference criterion (for example learning in the limit), a clever choice of
descriptions allows uniform solvability of all solvable problems, whereas
even the most simple classes of recursive functions are not uniformly
learnable without restricting the set of possible descriptions. Further-
more the influence of the hypothesis spaces on uniform learnability is
analysed.

1 Introduction

Inductive Inference is concerned with methods of identifying objects in a target
class from incomplete information. The learning model is based on a recursion-
theoretic background, i.e. target objects as well as learners are represented by
computable functions. From an input sequence consisting of finite subgraphs of
the graph of a target function the learner produces a sequence of hypotheses
interpreted as indices of functions enumerated by a partial-recursive numbering.
In the initial approach of identification in the limit introduced by Gold in [6]
that sequence of hypotheses is supposed to converge to a correct index of the
target function. Several further identification criteria have been introduced and
analysed in [2], [3] and [5]. In general, a learning problem is given by

— a class U of recursive functions,
— a hypothesis space 1 and
— an identification criterion 1.
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The aim is to find a learner identifying each function in the class U with respect
to 1) within the scope of the criterion I.

Now imagine a collection of infinitely many learning problems solvable ac-
cording to a given criterion. Uniform Inductive Inference is concerned with the
question, whether there exists a single program which — given a description of
a special learning problem of our collection — synthesizes an appropriate learner
solving the actual problem. Such a program may be interpreted as a very “in-
telligent” learner able to simulate infinitely many learners of the classical type.
Instead of tackling each problem in a specific way we want to use a kind of
uniform strategy coping with the whole accumulation of problems.

Jantke’s work [7] is concerned with the uniform identification of classes of
recursive functions in the limit, particularly for the case that in each learning
step the intermediate hypothesis generated by the learner is consistent with
the information received up to the actual time of the learning process. Jantke
proved that his model of uniform identification does not allow the synthesis of
a program learning a class consisting of just a single recursive function, as long
as the synthesizer is supposed to cope with any possible description of such a
class. His negative result indicates that the concept of uniform learning might
be rather fruitless. But this suggestion is mitigated by the results on uniform
identification of classes of languages — a concept which is studied for example in
[10], [O9] and [4]. Especially [4] contains lots of positive results allowing a more
optimistic point of view concerning the fruitfulness of the uniform identification
model. The work of Osherson, Stob and Weinstein additionally deals with several
possibilities for the description of learning problems.

The present paper provides its own definition of uniform identifiability with
the special feature that any of the learning problems described may be solved
with respect to any appropriate hypothesis space without requiring the synthe-
sis of the particular hypothesis spaces. The first result in Section 4 shows the
existence of a special set of descriptions accumulating all learning problems solv-
able according to a given criterion I, such that synthesizing learners successful
with respect to [ is possible. The trick is to encode programs for the learners
within the descriptions. Of course in general such tricks should be avoided, for
example by fixing the set of descriptions in advance. But then it is still possible
to use tricks by a clever choice of the hypothesis spaces. The results in Section 5
show that such tricks provide a uniform strategy for behaviourally correct iden-
tificationl] of any class learnable according to that criterion, even coping with
any description of such a class. Nevertheless the free choice of the hypothesis
spaces does not trivialize uniform learning in the limit. For example the collec-
tion of all descriptions of classes consisting of just two recursive functions is not
suitable in that sense, i.e. there is no uniform strategy constructing a successful
program for learning in the limit from such a description. Unfortunately, those
results are rather negative: either uniform learnability is achieved by tricks and
thus becomes trivial or it cannot be achieved at all. When fixing the hypothesis
spaces in advance, our situation gets even worse. Jantke’s result is strengthened

! For the definitions of inference criteria mentioned here see Section 2.
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by proving that there is no uniform learner for behaviourally correct identifi-
cation with respect to an acceptable numbering coping with all descriptions of
sets of just one recursive function. The same collection of learning problems be-
comes unsolvable even for behaviourally correct identification with anomalies, if
we further tighten our demands concerning the hypothesis spaces.

On the other hand we also present some quite positive results, which at least
seem to justify some further research on uniform learning. For example, if the
descriptions of the learning problems fulfill some special topological conditions,
one can uniformly construct strategies learning the corresponding classes in the
limit — even with total and consistent intermediate hypothese. Results of this
kind strongly substantiate the suggestion that uniform identification is indeed a
model of rich learning power. The negative results mentioned above just have to
be interpreted carefully. The reason for the failure of uniform learners is most
often not a substantial lack of power, but lies in the choice of unsuitable descrip-
tions. So our model really seems worthy of investigation. In general, Section 2
provides preliminaries and Section 3 deals with the notion of uniform identifica-
tion as well as basic results. General results are presented in Section 4, followed
by results on particular description sets in Section 5. Finally Section 6 is con-
cerned with the influence of the choice of the hypothesis spaces. We also transfer
Wiehagen’s characterizations of classes identifiable in the limit (see [13]) to the
case of uniform learning.

2 Preliminaries

First we fix some notions that will be used in this paper. All conceptions in the
context of recursion theory not explicitly introduced here can be found in [12].

We denote the set of (nonnegative) integers by N and write N* for the set of
all finite tuples of elements of N. If n is any integer, we refer to the set of all n-
tuples of integers by N”. By means of a bijective and computable mapping from
N" onto N we identify n-tuples of integers with elements in N. Between N* and N
we also choose a bijective, computable mapping and denote it by cod : N* — N.
Thus we may use « to refer to cod(«), where a € N*. The quantifiers V and
3 are used in the common way. Quantifying an expression with V°°n indicates
that the expression is true for all but finitely many n € N.

Inclusion of sets is expressed by the symbol C, proper inclusion by C. card X
serves as a notation for the cardinality of a set X, and we write card X = oo,
whenever X is an infinite set. The set of all subsets of X is referred to by pX.

P" denotes the class of all partial-recursive functions of n variables. Its sub-
class of total functions (called recursive functions) is denoted by R™. Whenever
the number of arguments is of no special interest, we omit the superscripts. For
any function f € P and any integer n the notation f[n] refers to the coding
cod(f(0),..., f(n)) of the initial segment of length n + 1 of f, as long as the
values f(0),..., f(n) are all defined. For f € P and = € N we write f(x)], if f
is defined for the argument z; f(x)t, if f is not defined for the argument z.

2 See Section 6 for definitions.
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For piecewise comparison of two functions f, g € P we agree on the notation
f=n g, it {(z, f(2)) | 2 < nand f(z)1} = {(z,9(x)) [ © < nand g(z)]};
otherwise f #, g. If the set of arguments on which the functions f,g € P
disagree is finite, i.e. if [[f(n)T Ag(n)1] or [f(n)) Ag(n)) Af(n) = g(n)]] for all
but finitely many n € N, we write f =* g.

A function f may be identified with the sequence (f(n)),en of its values,
which yields notations like e.g. f = 0¥1° or g = 0¥12°°. A finite tuple o € N* is
often regarded as the function o> implicitly. For two functions f, g the notation
f E g means that {(z, f(z)) | z € N, f(z)I} C {(z,9(2)) |z €N, g(x)}.

Any ¢ € P"*1 (n € N) is used as a numbering for the set Py, := {¢; | i € N}
by means of the definition ¢;(z) := 9(i,x) for all i € N, « € N". The index
1 € N is called ¥-number of the function ;.

Given 1 € P2 (n € N), every integer b € N “describes” a partial-recursive
numbering, which we will denote by °. We set ¥°(i,x) := (b, i, ) for all
i € N, € N” and thus write by analogy with the notations above: ¥?(z) :=
Yb(i,x) for all i € N, x € N

For any 1 € P"*!, n € N we will often refer to the entirety of total functions
in Py, which will be called the “recursive core” or “R-core” of Py, (abbreviated
by Ry). Hence Ry = R NPy

Identification in the limitf provides the fundamentals for learning models
examined in Inductive Inference and has first been analysed by Gold in [6].

Definition 1. Let U C R, ¢ € P2 The class U is an element of EX, and
called identifiable in the limit with respect to 1 iff there is a function S € P
(called strategy) such that for any f € U:

1. Yn e N [S(f[nD]  (S(f[n]) is called hypothesis on f[n]),
2 3 €N [y = and v [S(n]) = 1]

If S is given, we also write U € EXy(S). We set EX = J,,cp2 EXy.

On every function f € U the strategy S generates a sequence of indices
converging to a t-number of f. [I3] supplies the following characterization of
the classes learnable in the limit, which will be useful for us later on.

Theorem 1. Let U C R. U € EX iff there exist v € P? and d € R? such that

1. ngq/,,
2.Vi,jEN[i#£]j = ¥ #auy) ¥5)-

If we omit the demand for convergence to a single hypothesis, we talk of
“behaviourally correct” identification, defined for example in [2].

Definition 2. Let U C R, ¢ € P2. U is called BC-identifiable wrt v iff there
exists an S € P, such that for all f € U the following conditions are fulfilled:

1. Vn € N [S(f[n])],

3 We also use the term “explanatory identification”, abbreviated by EX-identification.
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We also write U € BCy(S) and define BCy, and BC' as usual.

BC-identifiability has also been characterized in [13]. But for our purpose the
following characterization proved in [11] is more useful.

Theorem 2. Let U C R. U € BC iff there exist 1) € P? and d € R? satisfying

1. U C Py,
2.Vi,jeN [ =v; = 1 =d(i,5) V;].

Though BC-identification provides more learning power than EX-identifica-
tion — a proof can be found in [2] — there are still classes of recursive functions
which are not in BC. In [5] we find a variation of BC-identification, which allows
learnability of the whole class R.

Definition 3. Let U C R, o € P2 U is called BC-identifiable with finitely
many anomalies wrt 1 iff there exists an S € P, such that for all f € U the
following conditions are fulfilled:

1. Vn € N [S(f[n])d],
2. Vn [Yssmp =" f1-

We write U € BC',(S) and use the notations BCy, and BC™ in the usual way.

From now on let Z := {EX, BC, BC*} denote the set of all previously declared
inference criteria. The following results have been proved (see [2] and [5]):

Theorem 3. EX C BCC BC* = pR.

3 Uniform Learning — Model and Basic Results

Throughout this paper let ¢ € P? be a fixed acceptable numbering of P2. If
we choose a number b € N, we may interpret it as an index for the partial-
recursive numbering ¢® € P2, which assigns the value ¢(b,r,7) to each pair
(z,y) of integers. Thus we can regard b as a description of a class of recursive
functions, namely the recursive core of P,.. We will denote this class by Ry,
ie. Ry :=Ryp = RN Py for b € N. Similarly each set B C N describes a set
Rp:={Ry | b € B} of classes of recursive functions.

If V and W are sets of sets, we will write VV < W if and only if for all X € V'
there exists a set Y € W such that X C Y.

Definition 4. Let I,1’ be elements of T satisfying I C I'. A set J C R of
classes of recursive functions is said to be uniformly learnable with respect to I
and I' iff there exists a set B C N such that the following conditions are fulfilled:

1. J < Rg,
2. Rp C I,
3. 35 € P? Wb e B I € P? [Ry € I),(Az.S(b,x))].
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We refer to this definition by J € uni(I,1').
So J € uni(I, I') iff there is a set B of indices of numberings such that

— every class in J is contained in some recursive core R; corresponding to an
index b € B;

— every recursive core Ry described by some b € B is learnable under the
criterion I;

— there is a uniform strategy S which, given b € B, learns R; under the
criterion I’ with respect to some appropriate hypothesis space .

The set B is called description set for J, I,I'. We also write J € unig(I,I'),
J € uni(I,I')(S) or J € unig(l,I')(S), whenever the description set B, the
uniform strategy S or both of them are fixed.

In order to prove the uniform learnability of a subset J C pR wrt I, I’ € T we
first have to specify the set B C N describing the classes to be learned, secondly
the (possibly distinct) numberings ¢ € P? serving as hypothesis spaces for the
particular classes Ry, (b € B) and finally the strategy S € P? designed to do the
actual “learning job”. Starting from this point of view two main questions arise:

1. Which classes J C pR are uniformly learnable wrt given criteria I, I" at all?
2. Which classes J C R remain learnable in the sense of uni(f,I’), if we
specify in advance one of the parameters mentioned above?

Of course these questions are much too general to be answered exhaustively
in this paper. Nevertheless some characterizations and interesting special cases
are considered.

On condition that J € unig (I, I’) we obviously obtain Rp € unig(I,I’). As
all classes in Z are closed under inclusion, we also verify that Rp € unig(7,I’)
implies J € unig(I,I’) for all J < Rp. Therefore the sets J € uni(Z,I’) are
characterized by those description sets B C N which are suitable for uniform
learning of some set J' C pR:

Lemma 1. Assume I,I' € Z, J C R. Then J € uni(I,I') if and only if there
exists a set B C N satisfying Rp € unig(I,I') and J < Rp.

For that reason the appropriate description sets for uniform learning are of
particular interest for our further research. Now consider a set R of recursive
cores described by a set B C N. The mere statement that Rp € uni(I,I’) for
some I, I' € T does not imply the uniform learnability of Rp wrt I, I’ from B. It
is quite conceivable that R p might be uniformly learnable from a description set
B’ C N, but not from the description set B. This would as well involve that no
set J C pR was uniformly learnable wrt I, I’ from description set B at all; thus
we might consider the description set B to be unsuitable for uniform learning
with respect to I and I’.

Definition 5. Let I,I' € Z, B C N. The description set B is said to be suitable
for uniform learning with respect to I and I' if Rp € unig(I,I'). The class of
all description sets suitable in that sense will be denoted by suit(I,1').
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These considerations raise the question whether there are certain specific
properties characterizing our appropriate description sets B € suit([,I").

Definition 6. Fiz I,I' € T, h : N — N. A set J C pR s called uniformly
learnable wrt I and I' by the interpretation function h, iff there exist B C N and
S € P? such that:

1. J e unig(I, I')(S),
2. Vb€ B[Ry € I ) (Az.S(b, x))].

We abbreviate this formulation by J € unig,(I,1"). If additionally there is a
numbering T € P? satisfying ") = 1 for all b € N, we write J € uni,(I,1')
instead.

Note that the interpretation function h in our definition is not necessarily
computable or total. Of course we might wish to fix both our hypothesis spaces
by means of an interpretation function h and our description set B in advance.
In that case we use the notions unip (I, I’) as well as unip (I, I") by analogy.
In the usual way we may also refer to fixed uniform strategies in our notations.
Via the function h each description b € B obtains an associated hypothesis
space ©®) | by means of which we can interpret the hypotheses produced by the
strategy Az.S(b, x). Regarding practical aspects we are interested especially in
computable interpretation functions, such as for example the identity function
id : N — N defined by id(z) = (z) for all z € N.

We are now able to formulate some basic results on uniform learning. Al-
though the corresponding proofs are quite simple, these results will be useful
for our further examinations. First we state a necessary condition for uniform
learnability of a subset of pR. For the proof of Proposition [[lnote that all classes
I € T are closed with respect to the inclusion of sets.

Proposition 1. Let I,I' € Z, ICI', JC pR. If J € uni(I,I'), then J C I.

Proof. Let J € uni(I,I"). Then there is a set B C N which fulfills J € unig(Z, I’).
This implies Rg C I and J =< Rp. Thus for all U € J there exists b € B such
that U C Ry € I. So J C I, because I is closed under inclusion. O

From Proposition [Jand the definition of uniform learning we conclude:
Corollary 1. Let I,I' € Z, I CI'. Then uni(I,I) C uni(I,I') C pI.

Any strategy identifying a class U C R with respect to some criterion I € 7
can be replaced by a total recursive strategy without loss of learning power.
This new strategy is defined by computing the values of the old strategy for
a bounded number of steps and a bounded number of input examples with
increasing bounds. As long as there is no hypothesis found, some temporary
hypothesis is produced. Afterwards the hypotheses of the former strategy are
put out “with delay”. Now we transfer these observations to the level of uniform
learning and get:
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Proposition 2. Let I,I' € Z, B C N and let h : N — N be any function.
Assume Rp € unip,p)(I,1"). Then there exists a total recursive function S sat-
isfying Rp € unip,n) (1, 1')(S).

We will use this result implicitly in the forthcoming proofs.

Proposition 3. Let I € Z, h: N — N. If B C N is a finite set with Ry € I nw)
for all b € B, then Rp € unip (1, 1).

The proof is obvious: a finite number of strategies — each learning one of the
given R-cores wrt I — can be merged to a single computable uniform strategy.

4 Uniform Learning without Specification of the Model
Parameters

First we deal with uniform learning according to Definition @] without specifying
the description set B or the hypothesis spaces 1 in advance. We choose two
inference criteria I, I’ € T satisfying I C I’ and try to characterize the subsets
J C R contained in uni(I,I"). From Corollary [[] we already know that these
sets must be subsets of I. Now we will even prove the sufficiency of that simple
condition.

Theorem 4. If I,I' e Z, I C I, then uni(I,I) = uni(I,I') = pI.

Proof. Assume I,I' € Z, I C I'. Applying Corollary [l we only have to show
ol C uni(I, ). Assume J € pI. For each U € J there is a numbering ¢ € P?
such that U C Py, and Ry € I (a proof can be derived from R € BC* and the
characterizations in Theorems [l and B] quite easily). Let C' C N be the set of
-indices of all these numberings. Fix an acceptable numbering 7 € P2.

For each ¢ € C there is a 7-index k. of a strategy S. € P, which identifies
R in the limit with respect to 7 according to the criterion I.

These 7-indices can now be coded within our hypothesis spaces ¢ by simply
integrating the function k.°° into the numberings. Thus we achieve that our new
numberings obtain two very useful properties. Firstly, their recursive cores are
learnable with respect to the criterion I, because we do not change the recursive
cores by integrating functions of the shape k.1°°. Secondly, they contain T-indices
for strategies identifying their recursive cores according to I.

Our suitable description set is the set of all indices of numberings achieved
by modification of the numberings described by C. A uniform [-learner for the
target class J just has to read the indices of the particular strategies and then
simulate their jobs with the help of the functions associated by 7. We obtain
J € uni(1,I) as claimed. O

Note that we even obtain uni, (I, I’)=uni(I, I')= pI for any acceptable num-
bering 7. Now we can easily compare the power of uniform learning criteria
resulting in the choice of particular criteria I, I’ € Z:
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Corollary 2. Let I,I' € Z, I C I'. Then uni(I,I) = uni(I,I') C uni(I’,I").

Proof. By Theorem Hl we know uni(Z, I) = uni(Z,I’). As uni(Z,I’) C uni(I’, I'),
it remains to prove that uni(I’,I") is not a subset of uni(Z, I"). For this purpose
we simply choose any class U € I'\I and obtain a class J € uni(I’, I’)\uni(Z, I)
by defining J := {U}. O

Intuitively, our uniform strategy defined in the proof of Theorem H] does not
really learn anything, because the programs for learning the described classes
are coded within the described numberings in advance. In the following sections
we will see some more examples for such easy “tricks” simplifying the work
of uniform strategies. But as we will see later, there are also non-trivial sets of
classes of recursive functions uniformly learnable by really “labouring” strategies.

5 Uniform Learning from Special Description Sets

Now we investigate the suitability of given description sets B, i.e. the uniform
learnability of R from B wrt some criteria I,I’ € Z. We start with a simple
but useful observation.

Proposition 4. Let I,I' € T and B C N such that Ry, € I for all b € B. If
Usen Ro € I', then B € suit(1,1').

The proof of Proposition[d is straightforward from the definitions. As a direct
consequence we obtain a simple characterization of the description sets suitable
for uniform learning with BC*-strategies:

Theorem 5. suit(I, BC*) = {B C N | Rg C I} for I € Z. In particular
suit(BC*, BC™)=pN.

Since BC is not closed under union of sets, the proof of a corresponding
characterization for suit(/, BC) cannot be based on Proposition l Instead —
as in the proof of Theorem H] — we make use of special “tricks”, such that the
resulting strategy does not really have to do any work.

Theorem 6. Set B := {b € N | R, € BC}. Then B € suit(BC, BC) and thus
suit(I, BC) ={B CN | Rp C I} for all I € {EX, BC}.

Proof. Fix an acceptable numbering 7 € P?. Each class learnable in the sense
of BC can be identified wrt 7 by a total strategy, i.e. for all b € B there is an
Sp € R such that Ry € BC-(S).

Given any element b € B we can now list all hypotheses produced by S, on
all initial segments of recursive functions in a computable way. If we interpret
these hypotheses as 7-indices, we obtain a numbering of all candidate functions
suggested by Sp.

More formally: for each b € B we define ") € P2 by wz[b] (x) == Tg, () (x) for
any i, € N. If f € R, n € N, then the index f[n] via Yl represents exactly
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the function “suggested” by S, on input f[n]. This property can be used by a
uniform BC-strategy: for b,n € Nand f € R we set S(b, f[n]) := f[n] and obtain

Uty i) = Vi) = TSu(rln) for any b€ B, f € Ry, n €N

Let b € B. Since Ry € BC,(Sp), we conclude Ry, € BC,m (A2.S(b,x)). This
implies B € suit(BC, BC). The second claim follows immediately. O

As we have seen, the trick of encoding much information within the descrip-
tion sets or within the hypothesis spaces often supplies quite simple uniform
strategies with a huge learning power. But nevertheless, our following results
will make sure that uniform learning procedures cannot always be simplified to
such a trivial level. On the one hand we can easily find a trick to design a uniform
EX-strategy identifying any recursive core consisting of just a single element from
its description, but on the other hand there is no uniform EX-strategy identify-
ing all recursive cores consisting of two elements from their descriptions. In view
of classical learning problems any classes consisting of just two elements are not
more complex than classes consisting of one element, whereas their complexity
is very different regarding uniform learning problems.

Proposition 5. {b € N | card R, = 1} € suit( EX, EX).

Proof. Let B := {b € N | card R, = 1}. Then of course R, € EX for all b € B,
i.e. Rp C EX. Since for all f € R there exists a numbering ¢ € P? with ¢g = f,
the function constantly zero learns R p uniformly from B wrt EX and EX. O

Now, in contrast to Proposition[§ we can prove that no kind of trick can help a
strategy to uniformly identify all recursive cores consisting of up to two elements
from their descriptions. In particular we observe that there are collections of
quite simple identification problems, which even cannot be solved uniformly by
encoding information within the hypothesis spaces.

Theorem 7. {b € N | card {i € N|¢? € R} < 2} ¢ suit( EX, EX).

We omit the proof which can be found in [14]. The idea is to proceed indirectly.
Let B := {b € N | card {i € N|p? € R} < 2}. Assuming B € suit(EX, EX)
implies the existence of an S € R? satisfying R, € EX(Az.S(b,z)) for all
b € B. But it is possible to construct by € B describing an R-core which cannot
be identified in the limit by Az.S(bg,z). This strategy fails for at least one
function f € Ry, by either converging to an incorrect hypothesis or by diverging.

The following corollaries are direct consequences of Theorem [7l

Corollary 3. {b € N | Ry is finite} ¢ suit(EX, EX).

Corollary 4. suit( EX, EX) C suit(EX, BC).
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Proof. Obviously suit(EX, EX) C suit(EX, BC). From Theorem [ and Corollary
Bl we conclude {b € N | Ry is finite} € suit(EX, BC)\suit(EX, EX). O

Theorem [§]is a summary of our main results in this section.
Theorem 8. Fiz a criterion I € Z. The following conditions are equivalent:

1. sui(I,1)={BCN|Rp C I},
2. suit(EX,I) = {BC N | Rp C EX},
3. I € {BC, BC*}.

In order to characterize the sets in suit(EX, EX) we use Theorem [[] with
arguments like those presented in [13], which can be transferred to the case of
uniform learning quite easily (the proof is left out, but can be found in [14]). Note
the similarity of our properties to the conditions for identification of languages
in the limit from text, introduced in [IJ.

Theorem 9. A set B C N belongs to suit( EX, EX) iff 3d € R?> Vb € B 3¢ € P?

1. Rbgplbi
2. Vi € N [d(b, i) C i),
3. Vi,j € N[d(b,7) CTd(b,j) Tty = i=j].

6 Uniform Learning with Special Hypothesis Spaces

The trick of encoding information within the hypothesis spaces supplies a strat-
egy uniformly identifying all BC-identifiable recursive cores from their corre-
sponding descriptions. This is a consequence of the freedom of choosing the hy-
pothesis spaces in the definition of uniform learnability. The question arises, to
what extent the learning power of uniform strategies is influenced by fixing spe-
cial hypothesis spaces — for example acceptable numberings — in advance. From
Jantke’s work [7] we already know that the set of descriptions of R-cores consist-
ing of just a single function is not suitable for uniform EX-identification, if we
demand the hypotheses to be correct with respect to an acceptable numbering.
Here we tighten Jantke’s result by proving that for the same set of descriptions
even BC-identification is not strong enough.

Theorem 10. Assume B :={b € N | card {i € N|p? € R} =1} and let T € P?
be an acceptable numbering. Then Rp ¢ unig -(BC, BC).

An indirect proof is contained in [14]. The assumption Rp € unip ,(BC, BC)
implies the existence of S € R? satisfying Ry, € BC,(\z.S(b,z)) for all b € B.
A contradiction is obtained by construction of an index by € B, such that
Az.S(bg, ) produces infinitely many hypotheses incorrect wrt 7 for the only
function in Ry,.

Let B be the description set defined in Theorem [T0. Since R € BC] for any
acceptable numbering 7, we obtain Rp € unig - (EX, BC*)\unig ,(EX, BC), but
we can prove that our set B is not suitable for uniform BC*-identification with
respect to the hypothesis spaces ¢°, b € B given a priori:
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Corollary 5. Let B := {b € N | card {i € N|p? € R} = 1}. Then Rp ¢
UTLZB,[ld](EX,BC*)

Proof. Assume Rp € unip j;4(EX,BC”). Then there exists S € R? which pro-
vides Ry, € BC,(Az.S(b,x)) for all b € B. Let 7 € P? be acceptable. We will
define a strategy T € P? satisfying Ry € EX,(\2.T (b, z)) for all b € B. For that
purpose we choose g € R, such that

) for all b,4,j e N .
T otherwise

b b
b, @i (7) Vo <jlei(@)l]
eV (j) = {
Fix ¢ € R? such that Te(byi) = gpf(b) for all b,7 € N. Provided b € B we observe
g(b) € B and

Inp € N Vi € N\{ny} [0/ initial] .

Let fi, denote the function in Ry, b € B. Since Ry € BC ) (Az.S(g(b), 2)),
we conclude S(g(b), fo[n]) = np for all but finitely many n € N. This can be ex-
plained by the fact that ¢ ®) is initial and thus A ®) % £, for all i # ny. There-
fore Ryw) € EXyom (A2.5(g(b),x)). If we define T'(b, f*) = c(b,S(g(b), f"))
for all by,n € N, f € R, we obtain Rp € unip ,(EX,EX) in contradiction
to Theorem[T0l Thus the assumption Rz € unipg [iq (EX, BC™) has been wrong.O

One might reason that uniform learning from the description set B and with
respect to the hypothesis spaces ¢® given above is so hard, because in each
numbering ’ the element of the recursive core possesses only one index. But
even if we allow infinitely many p°-numbers for the functions to be learned, our
situation does not improve:

Corollary 6. If C :={b| card Ry = 1 A card {i|p? € R} = oo}, then R¢ ¢
um’c,[id](EX, BC*).

Proof. We use Corollary 3. For this purpose assume R¢ € unic, ;4 (EX, BC*)(S)
for some appropriate strategy S € R%. We will construct a uniform BC*-strategy
for our class Rp, where B denotes the description set defined in Corollary [Gl.
There is a function g € R satisfying

b
(pg( ) _(pg’

b b
(péf()_(pg’ @g()_@?7

b g(b b
@g()_wga 904()_901{7 @g()_(pga-“

for all b € N. The following properties can be verified easily:

1. Vbe N [Rg(b) = Rp).
2. Vb € NVf € Puow [card {i € N | wf(b) = f} = o], i.e. each function in
Py possesses infinitely many 09 indices.
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3.de e RVYbe NVieN [gpf(b) = gpz(i)], i.e. 9 indices can be translated

effectively into ¢’-indices with a uniform method.

Considering our problem we observe that g(b) € C whenever b € B. Therefore
T(b,x) := e(S(g(b),z)) (for b,z € N) yields a computable strategy satisfying
Rp € unig ;q(EX,BC*)(T). That contradiction to Corollary Bl now forces us
to reject our assumption. This implies Ro ¢ unic ;4 (EX, BC). |

To characterize uniform learning with respect to acceptable numberings, we
use Theorems [[land 2] We omit the proofs which can be easily transferred from
the non-uniform case.

Theorem 11. Let B C N fulfill Ry, € EX for allb € B. Furthermore, let T € P?
be acceptable. Then Ry € unip ,(EX, EX) <= T e P33dc R*Vbe B

1. Rb g wa,
2. ¥i,j €N [i # j = ! #awij) V3.

Theorem 12. Fiz I € {EX,BC}. Let B C N fulfill Ry, € I for all b € B.
Furthermore, let T € P2 be an acceptable numbering. Then Rp € unip . (I, BC)
— eP?IdcR>Vbe B

1. Ry C Py,
2. Vi,j € N [ =max{a(vi).dvg)} V2 <= ¥2 = 0.

Since R € BCL for any acceptable numbering 7, we can use the same rea-
soning as in Proposition [4] to prove our characterization in Theorem

Theorem 13. Fiz I € T and B C N. Furthermore, let T € P? be an acceptable
numbering. Then Rp € unipg (I, BC*) <= [Ry, €1 for allb € BJ.

A very natural learning behaviour is to construct only consistent intermediate
hypotheses, i.e. hypotheses agreeing with the information received so far (cf. [3]).

Definition 7. Assume U € R, 1 € P2. U is called identifiable consistently wrt
Y iff there is an S € P satisfying U € EXy(S), such that gty =n f for
all f € U, n € N. We use the notions CONS, CONSy, CONSy(S) for that

criterion in the common way.

Furthermore it is reasonable to demand just total functions to be described
by the intermediate hypotheses (see [g]).

Definition 8. Assume U € R, € P2. U is called identifiable with consistent
and total hypotheses wrt 1) iff there is an S € P satisfying U € CONSy(S), such
that Yg(sny) € R for all f € U, n € N. The notions CT, CTy, CTy(S) are
used for that criterion in the usual manner.

Definitions Bl Bl and [6] can be reformulated for the inference criteria CONS
and CT. A quite simple result, based on Identification by Enumeration as has
been introduced in [6], is presented in [10]:
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Theorem 14. If BCN, ¢® € R? for allb € B, then Rp € unip [iq) (CT, CT).

For uniform learning with respect to “meaningful” hypothesis spaces, i.e. in
such a way, that all hypotheses produced by the strategy can be “interpreted” by
the user, most of our results have been negative. Even very “simple” classes yield
bad results. To show that there still remains a sense in the definition of uniform
learning, we present some intuitively more complex description sets suitable
for uniform learning in the limit — even with consistent and total intermediate
hypotheses — with respect to any acceptable numbering.

Definition 9. A set D C P is called discrete iff for any f € D there is an
n € N, such that f #, g for all functions g € D\{f}. This n € N is then called
discreteness point for f wrt D.

Theorem 15. Let 7 € P? be an acceptable numbering, B C N. Assume that
Po is discrete for all b€ B. Then Rp € unip-(CT, CT).

Proof. Provided that B fulfills the conditions requested above we first construct
appropriate hypothesis spaces uniformly in b € B. Of course their indices may
then be transformed to equivalent programs in 7 effectively. For that purpose we
will fix b € B and collect all initial segments of functions in P, in order to use
them as initial segments for the functions in our new hypothesis space. We will
try to extend these initial segments to computable functions, such that finally
all functions of the recursive core R; have indices in our constructed numbering.
The uniform strategy defined afterwards works iteratively. It always starts with
a consistent hypothesis and in each following inference step it tests whether
its previous hypothesis is still consistent with the new information received or
not. In the first case the previous hypothesis is maintained, otherwise a new
consistent hypothesis is constructed.

For the definition of our new hypothesis spaces 9*, b € B we need a func-
tion extend € P, which indicates suitable extensions of initial segments. For
b,n,z,k € Nand f € R define

1 9RO, s pp () and gpln] = fln]
1 otherwise

extend(b, f[n],z, k) := {

Thus extend(b, f[n], z, k) is defined if and only if % [z] is an “extension” of f[n].

Definition of ¢ € P with Ry € CTyv for allb € B:
Let b,n,z € N, f € R. We define

fl) z<n
¢t (r) z>mn and k € N may be found,

such that extend(b, f[n],z, k) =1
T otherwise

1/1(57 f[n]v JC) =

Obviously ¥ is computable. For any b € B we observe the following properties:
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Claim 1. If f € Ry and n € N is any integer, then w?[n] eR.
Claim 2. 1f f € Ry and ny is a discreteness point of f wrt P_», then w?[nf] =f.
Claim 3. Ry C Pyp.

Proof of Claim 1. Since f € P,», we know that for all z € N there is an
“extension” of f[n], i.e. Vo € N 3k € N [extend(b, f[n], z, k) = 1]. As there is an
extension, it may also be found within a finite amount of time. The definition of
1 then implies that for all n € N the function ws’c[n] is total and thus recursive.

Proof of Claim 2. For all arguments less than or equal to ny the values of w?[nf]
and f must agree, because those arguments match the first case in the definition
of 9. For all arguments greater than n; the existence of an “extension” of
flny] is checked. As f € R, we observe that this check will always stop with a
positive answer. Since ny is a discreteness point for f wrt P, the only function
in P, extending flny] is f. Hence ﬁ’?[nf] = f.

Proof of Claim 3. Let f € Ry and let ny be a discreteness point of f wrt P .
As P,p is discrete, ny exists. Claim 2 then implies wi}[nf] = f, hence f € Pys.

Now let ¢ € R? be a recursive function satisfying Te(byy) = 1/)2 for all b,y € N.

Definition of a strategy S € P* with Ry, € CT,(Ax.S(b,x)) for all b € B:
Let f € R, b,n € N. We define S(b, f[0]) := ¢(b, f[0]) and

T Fz <n+1 [750, fn)) (2)1]
S(b, fln+1]) :== ¢ S(b, fn]) TS(b,f[n)) =n+1 f
c(b, filn+1]) otherwise
Now we prove that for all b € B and all initial segments of functions in Ry
our strategy returns consistent indices of total functions. Furthermore we will
show that for any function in R; the sequence of hypotheses converges. From
consistency we thus obtain convergence to a correct index. We have to verify:
(i) Ybe BVYf e Ry Vn €N [S(b, f[n])] .
(’LZ) Vbe B Vf S Rb Vn € N [T(b,S(b,f[n])) =n f] .
(iii) Vb € BYf € Ry Vn €N [T(b,S(b,f[n])) ER].
(iv) Vb e BYf € Ry Ing € NVn > ng [S(b, fn]) = S(b, f[no])] -
Proof of (i),(ii) and (iii). Let b € B, f € Ry. We use induction on n.

First assume n = 0. Obviously S(b, f[0]) = ¢(b, f[0]) is defined. Furthermore,
from the definitions of S, extend, ¥ and ¢ we observe that

TS(b,f0) = Te(v,710]) = Yo =0 S -

This proves the consistency of the hypothesis S(b, f]0]). Since f € Ry, we observe
from Claim 1 with n = 0, that TS(b,£[0]) = Te(b,f[0]) = Tﬂ?[o] eR.
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Assume for a fixed n € N, that S(b, f[n]) is defined, consistent for f[n] and
a 7-index of a total function. From this situation we want to deduce that also
S(b, f[n+1]) is defined, consistent for f[n+ 1] and a 7-index of a total function.
Since Ts(p,f[n)) 18 total, we can test effectively whether 75, f(n)) =n+1 f or not.
If the first case occurs, the hypothesis is maintained. Then the new hypothesis is
still defined, consistent and an index of a total function. Otherwise, if the second
case occurs, our previous hypothesis must have been wrong. We obtain

TS(b,fln+1]) = Te(b,fln+1]) = w?‘[n+l] =nt1.f -

So S(b, f[n + 1]) is consistent for f[n + 1]. Claim 1 now yields 75 1)) € R
Anyway the hypothesis produced by S fulfills the conditions (i), (ii) and (iii).

Proof of (iv). Again assume b € B, f € R,. If there exists an ng € N, such that
for all n > ng the first case in the definition of S(b, f[n]) occurs, the hypothesis
S(b, f[no]) will never be changed and the sequence of hypotheses converges.
Provided such an ng does not exist, we may deduce a contradiction as follows:
As P is discrete, there is an ny € N satisfying [¢? =,, f < ¢! = f]
for all 4 € N. From (ii) we already know g, f[n,)) =n, f. Since according to
our assumption there exists a number n > ny, such that the second case in the
definition of S(b, f[n]) occurs, the hypothesis put out by S on input (b, f[n])
equals ¢(b, f[n]). Since n > ny, the number n is a discreteness point of f wrt
Pgo. Claim 2 now implies [ = z/Jf{l Te(b,fln]) = TS(b,f[n])- Lhus S has found
a correct hypothesis. But correct hypotheses must be consistent for all further
inputs; therefore the first case in the definition of S will occur for all following
input segments. Hence we reach the desired contradiction. This implies (iv).

From conditions (i),(ii) and (iv) we conclude, that the output of our uniform
strategy converges to a correct hypothesis for all “interesting” input sequences.
Together with condition (iii) we finally obtain R, € CTyu(Az.S(b,z)) for all
b € B. This completes the proof. O

By comparison of Theorem with our previous results we conclude that
the way the recursive cores are described has much more influence upon their
uniform learnability than the R-cores themselves. We know from the proof of
Theorem Bl that from appropriate descriptions even for the entirety of all classes
in EX uniform learning with respect to acceptable numberings is possible. Be-
cause of Theorem the set Baiscrete = {b € N | Py is discrete} is suitable
for uniform CT-identification with respect to any acceptable numbering. On the
other hand, there are sets describing finite — and thus very “simple” — recursive
cores which are not suitable for uniform learning with respect to EX at all, even if
we allow free choice of the hypothesis spaces. The reason for the failure of all uni-
form strategies might be the inappropriate topological features of th